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UNIT |

SPECIAL THEORY OF
RELATIVITY

Frames of reference — Galilean Relativity — Postulates of special
theory of relativity — Lorentz transformations — length contraction —
time dilation — concept of simultaneity — variation of mass with
velocity — Einstein’s mass-energy relation — relativistic momentum —
energy relation.
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(A INTRODUCTION

Classical or Newtonian mechanics deals with the motions of bodies travelling at velocities that
are very much less than the velocity of light. According to it, the three fundamental concepts of
Physics, viz., space, time and mass are all absolute and invariant.

Concept of space. Newton assumed that space is absolute and “exists in itself, without relation
to anything external and remains unaffected under all circumstances”. This means to say that the
length of an object is independent of the conditions under which it is measured, such as the motion
of the object or the experimenter.

Concept of time. According to Newton, time is absolute ‘by its very nature flowing uniformly
without reference to anything external’. Hence there is a universal time flowing at a constant rate,
unaffected by the motion or position of objects and observers. This implies two things:

(1) The interval of time between two events has the same value for all observers, irrespective
of their state of motion.

(2) If two events are simultaneous for an observer, they are simultaneous for all observers,
irrespective of their state of motion, i.e., simultaneity is absolute.

Concept of mass. In Newtonian mechanics,
(1) The mass of a body does not depend on the velocity of its motion.

(2) The mass of an isolated system of bodies does not change with any processes occurring
within the system (law of conservation of mass).

P FRAME OF REFERENCE

A system of co-ordinate axes which defines the position of
a particle in two or three dimensional space is called a frame of
reference. The simplest frame of reference is the familiar Cartesian
system of co-ordinates, in which the position of the particle is
specified by its three co-ordinates x,),z, along the three perpendicular
axes. In Fig. 1.1 we have indicated two observers O and O’ and a
particle P. These observers use frames of reference XYZ and X' Y’ Z’,
respectively. If O and O’ are at rest, they will observe the same
motion of P. But if O and O’ are in relative motion, their observation
of the motion of P will be different.

Unaccelerated reference frames in uniform motion of translation
relative to one another are called Galilean frames or inertial frames.

Fig. 1.1

Accelerated frames are called non-inertial frames.
Definitions

(i) Inertial frame of reference
An inertial frame of reference is one in which Newton’s first law of motion holds. In such
a frame, an object at rest remains at rest and an object in motion continues to move at constant
velocity (constant speed and direction) if no force acts on it. Any frame of reference that moves at
constant velocity relative to an inertial frame is itself an inertial frame.
Special theory of relativity deals with the problems that involve inertial frames of reference.
(ii) Non-inertial frame of reference
A non-inertial frame of reference is the one in which the Newton’s laws of motion are not
valid i.e., a body is accelerated when no external force acts on it.
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(=3 NEWTONIAN PRINCIPLE OF RELATIVITY

Statement. Absolute motion, which is the translation of a body from one absolute place to
another absolute place, can never be detected. Translatory motion can be perceived only in the form
of motion relative to other material bodies.

Explanation: This implies that if we are drifting along at a uniform speed in a closed spaceship,
all the phenomena observed and all the experiments performed inside the ship will appear to be the
same as if the ship were not in motion. This means that the fundamental physical laws and principles
are identical in all inertial frames of reference. This is the concept of Newtonian relativity.

R GALILEAN TRANSFORMATION EQUATIONS

Let S and S’ be two inertial frames (Fig. 1.2).

YA S — system AY' S’ —system
> v
?P
— x »)

Fig. 1.2

Let S be at rest and §" move with uniform velocity v along the positive X direction. We assume
that v < < ¢. Let the origins of the two frames coincide at # = 0. Suppose some event occurs at the
point P. The observer O in frame S determines the position of the event by the coordinates x, y, z.
The observer O’ in frame S’ determines the position of the event by the coordinates x’, ), z'. There
is no relative motion between S and S’ along the axes of Y and Z. Hence we have y=y andz==z".
Let the time proceed at the same rate in both frames.

The distance moved by S’ in the positive X-direction in time # = vz. So the X coordinates of the
two frames differ by v«. Hence, x' = x — vt.

Then the transformation equations from S to S’ are given by,
x =x-vt..(1) V=y.(Q2) 7=2..0) r=t..4)

(1) The inverse transformation equations (from S’ to S) are
x=x"t+vt,y=y,z=z andt=1¢".
(2) In general, the transformation of velocities from one to the other system is obtained by taking time
derivatives. When the relative motion of the two frames is confined to the X-direction, the transformation

becomes, .
dx'  dx . , ody _dy d dz
=——-v le, u=u-v; =2 .= -2
dt dt dt dt dt dt
(3) Leta and a' be the accelerations of the particle in S and S”. We have a = du and a' = a;—zz

We have seen above that ' =u —v.

du’ = du (since v is constant)
dt dt

t’r a' = a. i.e., the accelerations, as measured by the two observers in the two frames, are the same.

ence we say that acceleration is invariant under Galilean transformation.
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Assume that the velocity of the apparatus (or earth) relative to fixed ether is v in the direction
PA. The relative velocity of a light ray travelling along PA is (¢ — v) while its value would be (¢ + v)
for the returning ray. Let PA = PB=d.

Time taken by light to travel from P to 4 = d/ (c —v).

Time taken by light to travel from 4 to P =d/ (c + V).

Total time taken by light to travel from P to 4 and back

d d 2ed  2d[, V?
t = + =——=—|1
c—V c+v c—v c

2
C

(1)

Now, consider the ray moving upwards from P to B. It will strike the mirror M, not at B but at
B’ due to the motion of the earth. If #, is the time taken by the ray starting from P to reach M, then
PB" =ct, and BB’ = vt,.
The total path of the ray until it returns to P = PB' P'.
Now PB' P'=PB' + B' P'=2PB', since PB'=B'P'.
(PB')* = PC*+ (CB')* = (BB')* + PB’
ie., cztl2 = vztl2 +d.

Total time taken by the ray to travel the whole path PB' P’

, 2d 2d 2d v?
t= 2 == — =—(1+—2J (2
J-v: efl-@?ie?) el 2

Clearly, # < ¢. The time difference

2 2 2 2
At = tz':ﬁ(lﬂ—jﬁ(n v j:ﬁxV—Ji.

2 2 2
c c c 2c ¢ 2c e

The distance travelled by light in time A = ¢ x A 1 = dv*/c*.

This is the path difference between the two parts of the incident beam. If the apparatus is
turned through 90°, the path difference between the two beams becomes 2dv*/c*. Michelson and
Morley expected a fringe shift of about 0.4 in their apparatus when it was rotated through 90° and
they believed that they could detect a shift as small as 0.01 of a fringe. But, in the experiment no
displacement of the fringes was observed. They repeated the experiment at different points on the
earth’s surface and at different seasons of the year without detecting any measurable shift in fringes.
This negative result suggests that it is impossible to measure the speed of the earth relative to the
ether. Therefore, the effects of ether are undetectable. Thus, all attempts to make ether as a fixed
frame of reference failed.

Explanation of the negative result. The negative result of the Michelson-Morley experiment
can be explained by the following three explanations.

(1) The earth dragged along with it the ether in its immediate neighbourhood. Thus, there
was no relative motion between the earth and ether. This is the explanation proposed by Michelson
himself.

(2) Lorentz and Fitzgerald put forth the suggestion that there was contraction of bodies along
the direction of their motion through the ether. Let L, be the length of the body when at rest. If it is

moving with a speed v parallel to its length, the new length L is L, /1-— (v* /¢*). In the experiment
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discussed above, the distance PB will remain unchanged. Distance P4 will get shortened to

d \/1—(\22 / ¢*). If d were replaced by d+/1—(v* /¢*) in equation (1), 7 and # will be the same and

there will be no time difference expected. This contraction hypothesis easily explains why the
Michelson-Morley experiment gave a negative result.

(3) The proper explanation for the negative result of the Michelson-Morley experiment was
given by Einstein. He concluded that the velocity of light in space is a universal constant. This
statement is called the principle of constancy of the speed of light. The speed of light is ¢ rather than
| (¢ +v) | in any frame.

B sPECIAL THEORY OF RELATIVITY

Einstein propounded the special theory of relativity in 1905. The special theory deals with the
problems in which one frame of reference moves with a constant linear velocity relative to another
frame of reference.

Postulates of special theory of relativity

(1) The laws of Physics are the same in all inertial frames of reference.

(2) The velocity of light in free space is constant. It is independent of the relative motion of the
source and the observer.

Explanation :

(1) The first postulate expresses the fact that, since it is impossible to perform an experiment
which measures motion relative to a stationary ether, no unique stationary frame of reference can be
discovered. Since there is no favoured ‘rest’ frame of reference, all systems moving with constant
velocity must be on equal footing. We cannot discuss absolute motion. We can discuss only relative
motion.

(2) We know that the velocity of light is not constant under Galilean transformations. But
according to the second postulate, the velocity of light is the same in all inertial frames. Thus the
second postulate is very important and only this postulate is responsible to differentiate the classical
theory and Einstein’s theory of relativity.

I THE LORENTZ TRANSFORMATION EQUATIONS

We have to introduce new transformation equations which are consistent with the new concept
of the invariance of light velocity in free A AY
space. The new transformation equations
were discovered by Lorentz, and are —————— m————- >
known as “Lorentz transformations”.

Derivation. Consider two observers
O and O’ in two systems S and S”. System
S’ is moving with a constant velocity v
relative to system S along the positive
X-axis. Suppose we make measurements > X > X'

of time from the instant when the origins © o v
of S and S’ just coincide, i.e., t = 0 when i

O and O’ coincide. Suppose a light pulse z z

is emitted when O and O’ coincide. The Fig. 1.3
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light pulse produced at ¢ = 0 will spread out as a growing sphere. The radius of the wave-front
produced in this way will grow with speed c. After a time ¢, the observer O will note that the
light has reached a point P (x, y, z) as shown in Fig. 1.3. For him, the distance of the point P is
given by r= ct. From figure, 7% = x* +* + 2%,
Hence, X -i-y2 +22 = A4 (1)
Similarly, the observer O" will note that the light has reached the same point P in a time ¢’ with
the same velocity c¢. So 7' = ct'.
Xity 24z =ty (2)
Now, equations (1) and (2) must be equal since both the observers are at the centre of the same
expanding wavefront.
Ay +P P =iyt 2y ..(3)
Since there is no motion in the Y and Z directions, )’ =y and z' = z.

Equation (3) becomes,

o=yt ..(4)
The transformation equation relating to x and x" can be written as,
X' =k(x-vt) .(5)

Here, k is a constant.

The reason for trying the above relation is that, the transformation must reduce to Galilean
transformation for low speed (v <<c¢).

Similarly, let us assume that
= a(t—bx) ...(6)
Here, a and b are constants.
Substituting these values for x" and ¢’ in equation (4), we have,
L= K (x— vt)2 —*d (t— bx)2

2.2
ie., -l = - =20 v dP by xt— (az—k ; j A (7
c
Equating the coefficients of corresponding terms in equation (7),
F-2d b =1 .(8)
v—cad®b =0 .(9)
2.2
SRLIA (10)
c
Solving the above equations for &, @ and b, we get,
k=a=—t N
JI-(2 /)
and b = vic? (12
Substituting these values of &, @ and b in (5) and (6) we have,
_ t—(vx/c?
¥o= 2 andy = ( )

JI=(2 /¢?) 17(v2/02)
Therefore, the Lorentz transformation equations are

xX—vt ,
X = ———;y' =y, 2 =zand?' =

J1-(v* /%)

t—(vx/cz>

(13)
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The inverse Lorentz transformation equations are obtained by interchanging the coordinates
and replacing v by — v in the above.

¥ vt ’ , t'+(vx’/c2)
xX= ————,y=yz=zandt=

w/lf(v2/cz) l—(vz/cz)
These equations convert measurements made in frame S’ into those in frame S.

EXAMPLE 1. Show that for values of v < < ¢, Lorentz transformation reduces to the Galilean
transformation.

(14)

SoL. When v <<c, Y 0; .. S ~1.

¢ J1-(2 /%)
We have from (13),x'=x—vt;y' =y;z' =zand ' =¢
which are Galilean transformations.

EXAMPLE 2. Show that if (x,, y,, z,, t,) and (x,, ¥,, z,, t,) are the coordinates of one event in S,
and the corresponding event in S, respectively, then the expression

2 _ 52 2 2242
ds;” = dx;/ + dy, +dz/ —c dt,
is invariant under a Lorentz transformation of coordinates.

SoL. The inverse Lorentz transformation equations are:

2
t t
X, = Xy TVl SV =Yy 7, =2, and 1 _hrwmle (where vic = B).
1-B° V1-p?
Differentiating,
dt dt d
dx, = devzz; dy, = dy,; dz; =dz, and d :chxz
J1-B VI-p
) 2
dslz _ dx2 +th2 n dy22 " d222 _ Cz dtz +(B/C)dx2

J1-p> J1-p?

ds12 = a’x22 + a’y22 + dzz2 —c dt22 = ds22

This simplifies to

Il LENGTH CONTRACTION

Consider two coordinate systems 4 S 4 s’
S and S’ with their X-axes coinciding at
time ¢ = 0. S” is moving with a uniform
relative speed v with respect to S in the
positive X-direction. Imagine a rod (4B),
at rest relative to S’ (Fig. 1.4).

Let x', and x’, be the coordinates of o >X o > X'

the ends of the rod at any instant of time
in §’. Then,

ly =%/ —x/ (1)
since the rod is at rest in frame S’.

Similarly, let x, and x, be the Fig. 1.4
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coordinates of the ends of the rod at the same instant of time in S.
Then [ = x,—x, .(2)
[ is the length of the rod, measured relative to S.

According to Lorentz transformations,

Xy — VI
Xy = % ..(3)
1-(v"/c?)
, X —vt
and )Cl = ﬁ (4)
1-(v"/c?)
Subtracting equation (4) from (3)
Xy —x| = AR or [, = [
-2 /%) 1-(0* /%)
[ = Iy J1-(*/c?) ..(5)

From equation (5) we see that / < /. Therefore,
to the observer in S it would appear that the length Reference
. , frame at
of the rod (in S’) has contracted by the factor rest

J1I-(2/c?).

For example, a body which appears to be

. . . .., Reference
spherical to an observer at rest relative to it, will f1mein
appear to be an oblate spheroid to a moving observer. motion (—»)
Similarly, a square and a circle in one appear to the
observer in the other to be a rectangle and an Fig. 1.5
ellipse respectively (Fig. 1.5).

(1) The proper length of an object is the length determined by an observer at rest with respect to the
object. In the above case, /; is the proper length.

(2) The shortening or contraction in the length of an object along its direction of motion is known as
the Lorentz-Fitzgerald contraction. There is no contraction in a direction perpendicular to the direction of
motion.

(3) The contraction becomes appreciable only when v ~ c.

(4) The contraction is reciprocal, i.e., if two identical rods are at rest—one in S and the other in S’, each

of the observers finds that the other is shorter than the rod of his own system.

EXAMPLE 1. 4 rod 1 metre long is moving along its length with a velocity 0.6¢c. Calculate its
length as it appears to an observer (a) on the earth (b) moving with the rod itself.

SoL. Here, 1 metre is the proper length (/) of the rod in its own moving frame of reference.
(a) Let I be the length of the rod as it appears to an observer in the stationary reference frame of the earth.
Here, Iy =1m; v=0.6¢; [=7

2 2
lo \/1V—2 1 \/1@ ~1/1-036 =08m
C C

/

Hence, the observer on the earth will estimate the length of the rod to be 0.8 metre.

(b) For an observer moving with the rod itself, the length of the rod is 1 metre.

10 SPECIAL THEORY OF RELATIVITY
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EXAMPLE 2. How fast would a rocket have to go relative to an observer for its length to be
contracted to 99% of its length at rest?

SoL. Here, [ =099; v="?
We have, [ = IyJ1-(* /)
2 2 2 2 2
12 1-2| or lv—j:l—orv—:ll—.
5] o (5]

2
Vo= & (1%} = (1-0.99%)
0

12

0.1416 ¢ =0.1416 x (3 x 10%)=4.245 x 10" ms™

<
I

TIME DILATION

Imagine a gun placed at the position (x', ', z') in ' (Fig. 1.6).
Y Y’
A A
S S’
Clock 1 Clock 2

D D

t=t,—t, ty=t, -t
—— vt ————»

> X > X'
o o —yv

Zr
Fig. 1.6 A moving clock ticks more slowly than a clock at rest

Suppose it fires two shots at times ¢," and ¢," measured with respect to S'. In §* the clock is at
rest relative to the observer. The time interval measured by a clock at rest relative to the observer is
called the proper time interval. Hence, t, = t,’ —t," is the time interval between the two shots for the
observer in S'.

Since the gun is fixed in S’, it has a velocity v with respect to S in the direction of the positive
X-axis. Let t = t, — t, represent the time interval between the two shots as measured by an observer
inS.

From inverse Lorentz transformations, we have

1 +w'/c? ty+w'/c?
t, = —— and t, =———
1-(v* /%) NS
th —t] ¢
L—t, = e Y .
1-(v* /¢?) 1-(* /%)

or (>4,

Thus, the time interval, between two events occurring at a given point in the moving frame S’
appears to be longer to the observer in the stationary frame S; i.e., a stationary clock measures a
longer time interval between events occurring in a moving frame of reference than does a clock in
the moving frame. This effect is called time dilation.

11 SPECIAL THEORY OF RELATIVITY
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The Twin Paradox. Consider two exactly identical twin brothers. Let one of the twins go to a
long space journey at a high speed in a rocket and the other stay behind on the earth. The clock in
the moving rocket will appear to go slower than the clock on the surface of the earth (in accordance
0

NI BT
than the twin who stayed behind on the earth!

EXAMPLE 1. 4 clock in a space ship emits signals at intervals of 1 second as observed by an
astronaut in the space ship. If the space ship travels with a speed of 3 x 10" ms ™', what is the interval
between successive signals as seen by an observer at the control centre on the ground?

SoL. Here, ty=1s; v=3x 107 ms_l; and ¢c=3x10° ms"l; t=7

p= o _ ! =1.005 s.

\/1v2 |_(x107)
¢ (3x10%)?
EXAMPLE 2. A particle with a proper lifetime of 1us moves through the laboratory at

2.7x108ms™. (a) What is its lifetime, as measured by observers in the laboratory? (b) What will be
the distance traversed by it before disintegrating?

SoL. Here, #,=lus=10"%; v=2.7x10"ms ;¢="

6
(@) p=—fo 10 =23%10°s.

\/1_\/2 | 27x10%)
¢ (3x10%)?
(b) The average distance moved by the particle before disintegration = (2.7 x 108) x (2.3 % 10’6)
=620 m.

with 1 = ). Therefore, when he returns back to the earth, he will find himself younger

RELATIVITY OF SIMULTANEITY

Consider two events—the explosion of a pair of time bombs—that occur at the same time to an
observer O in a reference frame S. Let the two events occur at different locations x, and x,. Consider
another observer O’ in §" moving with a uniform relative speed v with respect to S in the positive
X-direction.

To O, the explosion at x, and £, occurs at the time
ity —(v/P)x
JI-(7* /%)

and the explosion at x, and #, occurs at the time

f

to—(v/cH)x,
JI-(2 /%)

The time interval between the two events as observed by the observer O’
2
==t = v/ e?)(xy—x)
Ja=v2 /)

This is not zero. This indicates that two events at x, and x,, which are simultaneous to the
observer in S, do not appear so to the observer in S'. Therefore, the concept of simultaneity has only
a relative and not an absolute meaning.

t, =

12 SPECIAL THEORY OF RELATIVITY
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(1) This law of addition of velocities applies only when the two velocities are in the same direction.
(2) Ifv<<c, we get the classical equation.

(3) We can express the velocity ' in terms of u and v.

u—v

(-

-

02

EXAMPLE 1. An experimenter observes a radioactive atom moving with a velocity of 0.25c¢.
The atom then emits a 3 particle which has a velocity of 0.9c relative to the atom in the direction of
its motion. What is the velocity of the B particle, as observed by the experimenter?

SoL. Here, v=0.25c; u'=09c; u="?

y = uw+v o 0.3;—;—0.256 — 0.94c.
1+-2u 1+725%0.9¢
c c

EXAMPLE 2. An electron is moving with a speed of 0.85¢ in a direction opposite to that of a
moving photon. Calculate the relative velocity of the photon with respect to the electron.

SoL. Let the photon be moving along the positive direction of X-axis and the electron along
the negative direction of X-axis. Then, the speed of electron = — 0.85¢; the speed of photon = c.

Consider that the electron is at rest in system S. Then, we may assume that the system S~ (laboratory)
is moving with velocity 0.85¢ relative to system S (electron). i.e., v=0.85¢; u’=c; u="?

u+v c+0.85¢
Ty 0850
uv X .
1+ 1+(L)(2—
2
C C
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EBIHVARIATION OF MASS WITH VELOCITY

Derivation. Consider two systems S and §'. S’ is moving with a constant velocity v relative to
the system S, in the positive X-direction (Fig. 1.7). Suppose that in the system §’, two exactly
similar elastic balls 4 and B approach each other at equal speeds (i.e., v and —u). Let the mass of
each ball be m in S'. They collide with each other and after collision coalesce into one body.
According to the law of conservation of momentum,

Momentum of ball 4 + momentum of ball B = momentum of coalesced mass.

Or mu + (— mu) = momentum of coalesced mass = 0.

Thus the coalesced mass must be at rest in S’ system.

aY AY
— v
S-System S'-System
A B
O— <O
u -u
> X - > X'
O (0]
Z Z'
Fig. 1.7

Let us now consider the collision with reference to the system S.

Let u, and u, be the velocities of the balls relative to S. Then,

u+v
U, = — (1
! l+uv/c? W
—u+v
and U, = —— ..(2)
2 l—uv/c?

After collision, velocity of the coalesced mass is v relative to the system S.

Let mass of the ball 4 travelling with velocity u, be m, and that of B with velocity u, be m, in
the system S. Total momentum of the balls is conserved. Therefore,

myu;+m,u, = (m;+my)v ..(3)
Substituting for u, and u, from equations (1) and (2), we have,

P e B e L = (m, + m,)v
1 l+uv/c? ? l—uv/c? ! 2

u+v —u+v
or m —v| = my | v-

uv uv

1+= 1-=

C C
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u+v—v-w’/c* | v—w? /c? +u—v
1-uv/c?

or m
1
{ l+uv/c? L

2 B 2
u l—vj u(l—v]
- .

or m|—-=| = m
1+ -2
C L C
l+uv/c?
or mo_ ch (4
m, l-uv/c
u+v 2
u2 C
Also, o)
c uv
(1+2j
C
O 2 S G\
_ et i i
2
1+”vj
[
2 2 2
_ c c c
v 2
1+
()
[
(1+2)
C
u2 2 T2
Similarly, -2 =/ £/ ..(6)
C 1_14\;)
2
C

e c
2 2
_ui (l"wj
c? c?
2
u uy
_% 1_'_72
or < = ¢ )]
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_H
2
From equations (7) and (4), —-
2 u|2
2
M2 u2
o N ®
¢ c

Since the L.H.S. and R.H.S. of equation (8) are independent of one another, the above result can
be true only if each is a constant. Therefore,

u o u
ml __2 - mz __2 = mo.
c C

The constant denoted by m,, is called the rest mass of the body and corresponds to zero velocity.
m
Thus, m; = S —

wll—ulz/cz

In general, if m denotes the mass of a body when it is moving with a velocity v, then,
m= 0 .(9)
1-v2 /¢?

This is the relativistic formula for the variation of mass with velocity.

If we put v — ¢ in equation (9), we have m — o i.e., an object travelling at the speed of light
would have infinite mass. Thus, Eqn. (9) shows that no material body can have a velocity equal to,
or greater than the velocity of light.

Notes

(1) The first verification of the increase in mass with velocity came from the work of Kaufmann in
1906 and of Bucherer in 1909. While studying the B-rays emanating from radioactive materials, they found
that their velocities were comparable to the velocity of light and also that their masses were found to be
related to their velocities.

(2) The increase of mass with velocity has now been tested in “particle accelerators”. Accelerators
are used to accelerate the various charged particles of matter to very high velocities. It has been found that
the electrons and protons accelerated in these machines to velocities close to the velocity of light acquire
increased masses, exactly as predicted.

EXAMPLE. At what speed is a particle moving if the mass is equal to three times its rest mass?

my

SoL. We have, m = —————. Here,m =3my; v="2
w/l—vz/c2
2 2
3m0=Lor 1—v—2=l or 1—v—2=l
1-v?/¢? c c
v 8 > 8 2 8
Or — = —or v =—=¢c" or v=_|—c =0.9%c.
? 9 9 9

IBBMASS ENERGY EQUIVALENCE

Derivation. Force is defined as rate of change of momentum i.e.,

F= %(mv) ()
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According to the theory of relativity, both mass and

velocity are variable. Therefore,
dv  dm
F——mv—m—+— (2
dt (m) dt dt @

Let the force F displace the body through a distance dx.

Then, the increase in the kinetic energy (dE,) of the body
is equal to the work done (F dx).

Hence, dE, = Fdx = m%dx + vc;—r:’dx
or dE, = mv dv+v* dm ..(3)
According to the law of variation of mass with velocity

m= ——"___ @&

V(1= /%)
Squaring both sid s
quaring both sides, m- = m

or m* ¢ = mo2 &+ m* v
Differentiating, & 2mdm = m* 2vdv+v* 2m dm
or dm = mvdv+v:dm ..(5)
From equations (3) and (5), dE, = ¢ dm ...(6)

Thus, a change in K.E. dE| is directly proportional to a change in mass dm.

When a body is at rest, its velocity is zero, (K.E. = 0) and m = m,,. When its velocity is v, its mass
becomes m. Therefore, integrating equation (6),

Jl(clE,C:c2 Tdm:c2 (m—my)

m,

£,

. E, = mc* —m 02 (7
Thls is the relativistic formula for K.E.

When the body is at rest, the internal energy stored in the body is moc moc is called the rest

mass energy. The total energy (£) of the body is the sum of K.E. (£,) and rest mass energy (moc ).

E=E +moc = (mc? —moc)-l-mocz—mc2
_ 2
E = mc

This is Einstein’s mass-energy relation.

(1) This relation states a universal equivalence between mass and energy. It means that mass may
appear as energy and energy as mass.

Example. Consider the phenomenon of pair-annihilation or pair production. In this phenomenon, an
electron and a positron can combine and literally disappear. In their place we find high energy radiation called
y-radiation, whose radiant energy is exactly equal to the rest mass plus kinetic energies of the disappearing
particles. The process is reversible, so that a materialization of mass from radiant energy can occur when a
high enough energy y-ray, under proper conditions, disappears. In its place appears a positron-electron pair
whose total energy (rest mass + K.E.) is equal to the radiant energy lost.
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(2) The relationship (£ = mc?) between energy and mass forms the basis of understanding nuclear
reactions such as fission and fusion. These reactions take place in nuclear bombs and reactors. When a
uranium nucleus is split up, the decrease in its total rest mass appears in the form of an equivalent amount of
K.E. of its fragments.

(3) The formula for K.E. reduces to the classical formula for v <<c.

E = mc* - moc2 =(m —my) &’ = m, & [(1- VI -1
1
v 2 v
Now, since v<<c,|l—— = 1+—2 + ... (neglecting higher order terms).
2c
2
2,V L2

E, = myc"x——=—myv".
k 0 0
202 2

Unified mass unit. The basic mass unit used in Atomic Physics is called the unified mass unit
(u). It is defined as (1/12)th of the rest mass of carbon—12 atom. Thus, lu = 1.66 % 107 kg.

Now, E = myc®=(1.66 x 1027) (3 x 10%* =1.49 x 107" J.
1.49 x 10710

= WBVZ9313 MeV.
O X

Hence the energy equivalent to unified mass unit is 931 MeV.

EXAMPLE 1. If 4 kg of a substance is fully converted into energy, how much energy is
produced?

SoL. Here, m = 4kg, c=3x 108ms™; E=2

E=mc=4x(3x10%°=3.6x10"1.

EXAMPLE 2. Calculate the rest energy of an electron in joules and in electron volts.

SoL. Here, m,, = rest mass of the electron = 9.11 x 107!
¢ =3%x10%ms"
moc® = (9.11 x 1071 3 x 10%*=8.2x 107 .
82x107"

= meV (Since leV:1.6><10_]9 J)
O X

kg;

0.51 MeV [mega electron volt].

EXAMPLE 3. Cualculate the K.E. of an electron moving with a velocity of 0.98 times the velocity
of light in the laboratory system.

SoL. Relativistic formula for K.E. is T'= (m — m,) I
Here, m, = rest mass of electron = 9.11 x 10" kg.
¢ =3x108ms™";v=0.98c.

We can find m using the formula
_ i _ g

J =27 1-(0.98¢/c)’
K.E. = (5.02 my—my)c* = 4.02 myc*

= 4.02 % (9.11 x 101 (3 x 108> =3.296 x 1073 J.

m =5.02m,

1.11.1. Relationship Between the Total Energy, the Rest Energy, and the Momentum

The total relativistic energy (rest mass plus kinetic) of a particle is
E = mc*= m002 /(1=v?/ 02)1/2 (1)
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The momentum of the particle is p = mv

or v= p/m. -(2)

E= m 02 _ m002 —m C2

= m, _ — my
J=?/me] 1= I mPe*] I—(p’c | EY)]
4
or E*=my} ——— or E*-p*c? =myct
(-2 B2 0
E= mo2 é -i-pzc2 .3

1.11.2 Massless Particles

® In classical mechanics, a particle must have rest mass in order to have energy and momentum.
® But in relativistic mechanics, this requirement does not hold.

A particle can exist which has no rest mass but which AE
exhibits such particlelike properties as energy and momentum.
Relativistic momentum of a particle, < Massive

myv

p= MV (D \
JA=v?/e?) Massless N\

particle

Total energy of a particle,

2
E = ¢ .2 \/ﬁ
1—\/2/02 E=A/pcC +my C

. Fig. 1.
From Egs. (1) and (2), when m, = 0 and v << ¢, it is clear that ig. 1.8

E=p=0.
A massless particle with a speed less than that of light can have neither energy nor momentum.

However when m, = 0 and v = ¢, £ = 0/0 and p = 0/0, which are indeterminate: £ and p can have
any values. Thus Egs. (1) and (2) are consistent with the existence of massless particles that possess
energy and momentum provided that they travel with the speed of light.

The relationship between E, m002 and p is

E = (pe)* +(myc?)? (3

® For a massless particle with m, = 0:
E = pc ..(4)
Fig. 1.8 shows the relativistic energy as a function of momentum for massive and massless particles.

The conclusion is not that massless particles necessarily occur, only that the laws of physics
do not exclude the possibility as long as v = ¢ and E = pc for them. In fact, a massless particle—the
photon—indeed exists and its behavior is as expected.

1.14.3 To show that the Rest Mass of a Photon is Zero
A photon travels with the velocity of light. Hence we must use the relativistic expression for its
momentum, p.
Thus, for a photon
myv
p= # (D
[1- (/e

Here, m, is the rest mass and v the velocity of the photon.
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From quantum theory of radiation, the momentum of a photon of radiation of wavelength A is
p = h/h .(2)
Here, 4 is the Planck’s constant.
h mgV

i (L .3
A [1- 02/ (

%«/[1 — (VM)
A%

or m

Since for photon, v = ¢, we have
my = 0.
Hence the rest mass of photon is zero.
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EXERCISES

Part A: Choose the Correct Answer

1. The length of the rod moving with a velocity v relative to the observer at rest is contracted by a factor

7 v ho< <
@ \1-% k) |1+ @ (1-5 @ |1+

3. Mass — Energy relation £ =
(a) mc (b) mc* (¢) m’c (d) m*c*

4. The total relativistic energy is

(a) E= c./pz -kmgc2 (b) E= cy/p? —mgc2 (c) E= c\[pz +moc2 (d) E= cy/p? —m0c2

5. The rest mass of photon is
(a) positive (b) finite (c) infinite (d) zero

Ans. 1.(a),2.(c), 3. (D), 4. (a), 5. (d).

Part B: Short Answer Questions

6. What is meant by frame of reference? Define inertial and non-inertial frames.
7. Explain Ether hypothesis.
8. State and explain the postulates of special theory of relativity.
9. Explain relativistic length contraction.
10. Explain the relativistic time dilation.
11. What is twin paradox?
12. Ifa particle could move with the velocity of light, how much kinetic energy would it possess?

[Ans. Since the mass of the particle moving with the velocity of light {m = \/%J becomes in-
1-v%/c
finite, the kinetic energy would be also infinite. But it is impossible.]
14. Define unified mass unit and find its energy equivalence.

15. A particle of rest mass m, moves with speed ¢/ /2 . Calculate its mass, momentum, total energy and

kinetic energy.

[Hint. (i) o

- My
m= =
\/lfvz/c2 \/1,1

2
(i) p=mv= x/EmO xc/\/zzmoc
(iii) E=mc* =141 my".

(iv) KE.=E—my* =041 my. ]

—1.41m,
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16. What is the General Theory of Relativity? Discuss the important conclusions derived from it. What are
the experimental observations in favour of these conclusions?

17. Is alaboratory at rest on the earth’s surface really an inertial frame of reference?

[Ans. No, because it is accelerated as a consequence of the earth’s rotation on its axis and revolution
around the sun].

18.  An astronomer on earth flashes a pulsed laser, and 1.3 sec. later the pulse reaches the moon 3.9 x 108 m
away. An observer travelling in the same direction as the pulse sees the two events (i.e., the flash and
the arrival at the moon) as one event. What is the speed of this observer?

[Ans. The observer must be moving at the speed of light in the same direction as the pulse.]

19. Does the mass of a substance increase on melting? Why?

[Ans. Yes. Because an amount of energy equal to the specific latent heat of fusion has been added to
the substance.)

20. If photons have a speed ¢ in one reference frame, can they be found at rest in any other frame?

[Ans. No. When a body moves with a speed less than ¢ in one reference frame, we can find another
reference frame in which it is at rest. But when the body moves with speed c in one reference frame, it
will move with the same speed c in all reference frames).

Part C: Long Answer Questions

21. Derive the Lorentz space-time transformation formula. Discuss the length contraction and time dilation.
22. Deduce the formula for relativistic variation of mass with velocity. Briefly explain its significance.

23. What is the meaning of mass-energy equivalence? Obtain Einstein’s mass energy relation. Show that
1 amu =931 MeV.
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UNIT I

FAILURE OF
CLASSICAL PHYSICS

Black body radiation — Failure of Classical Physics to explain
energy distribution in the spectrum of a black body — Planck’s
Quantum theory — Wein’s distribution law — Rayleigh Jean’s law.
Photo Electric Effect — Difficulty with Classical Physics —
Einstein’s Photo Electric Equation — work function.
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2.1 Black Body Radiation

A hot body emits thermal radiations which depend on composition and the
temperature of the body. The ability of the body to radiate is closely related to its
ability to absorb radiation. A Body which is capable of absorbing almost all the
radiations incident on it is called a black body. A perfectly black-body can absorb the
entire radiations incident on it. Platinum black and Lamp black can absorb almost all the
radiations incident on them.

Emissive power of a black body: It is defined as the total energy radiated per second
from the unit surface area of a black body maintained at certain temperature.

Absorptive power of a black body: It is defined as the ratio of the total energy absorbed
by the black body to the amount of radiant energy incident on it in a given time interval.
The absorptive power of a perfectly black body is 1.

Spectral Distribution of energy in thermal radiation
(Black Body radiation spectrum)

A good absorber of radiation is also a good emitter. Hence when a black body is
heated it emits radiations. In practice a black body can be realized with the emission of
Ultraviolet, Visible and infrared wavelengths on heating a body. German physicists
Lummer and Pringsheim studied the energy density as a function of wavelength for
different temperatures of a black body using a spectrograph and a plot is made. This is
called Black Body radiation spectrum.

Uy

1200 K
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The Salient features of black body radiation spectrum are as below

1) The energy density increases with wavelength then takes a maximum value E,
for a particular wavelength A, and then decrease to a value zero for longer
wavelengths. Hence the Energy distribution in the spectrum is not uniform

2) As the Temperature increases the Wavelength (A.,) corresponding to the
maximum emission energy (Eq) shifts towards shorter wavelength side. Thus the
Am is inversely proportional to temperature (T) and is called Wein’s

b
Displacement Law. Mathematically 1, :? .Here b is Wein’s Constant of value

2.898x107 mK.

3) The total energy emitted by the black body at a given temperature is given by
the area under the curve and is proportional to the fourth power of
temperature. This is called Stefan’s law of radiation. Mathematically E= o T,
here ‘c’ is the Stefan’s constant of value 5.67 x 10® Wm?K™.

Explanation of Black Body Radiation Spectrum

Classical Theories

Wein’s Distribution Law: In the year 1893 Wein using thermodynamics showed that the
energy emitted per unit volume in the wavelength range A and A+dA

Cc -&
E,dA=—Le d)

A

Here C; and C, are empirical constants. A suitable selection for these constants helps to
explain the experimental curve in the shorter wavelength region. The drawback of this
law is it fails to explain the curve in the longer wavelength region. Also according to this
equation the energy density at high temperatures tends to zero which contradicts
experimental observations.

Rayleigh-Jeans Law: British Physicists Lord Rayleigh and James Jeans made an attempt
to explain the Black Body radiation spectrum Based on the concepts formation of
standing electromagnetic waves and the law of equipartition of energy. According to
this law the energy density of radiation is given by

E,di=3"%5T 4
A
Here ‘K’ is Boltzmann constant with value 1.38 x 102 JK™. This law successfully explains
the energy distribution of the black body radiation in the longer wavelength region.
According to this law black body is expected to radiate large amount of energy in the
shorter wavelength region thus leading to no energy available for emission in the longer
wavelength region. Experimental observations show that the most of the emissions of
the black body radiation occur in the visible and infrared regions. This discrepancy is
called Ultraviolet Catastrophe.
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W INADEQUACY OF CLASSICAL MECHANICS

Classical mechanics failed to explain the following phenomena:
(/) It does not hold in the region of atomic dimensions, i.e., it can not explain the non-
relativistic motion of atoms, electrons, protons etc.

® [t could not explain the stability of atoms.

® [t could not explain the origin of discrete spectra of atoms since, according to classical
mechanics, the energy changes are always continuous.

(if) It could not explain observed spectrum of black body radiation.

(iif) Classical mechanics could not explain observed phenomea like photoelectric effect,
Compton effect etc.

(iv) It could not explain the observed variation of specific heat capacity of solids.
® The inadequacy of classical mechanics led to the development of Quantum Mechanics.

(/) The Hydrogen Atom and the Bohr Model

As the first example of the failure of classical The Bohr Model
physics to account for observed phenomena,
we consider the case of the hydrogen atom.

Rutherford model failed to explain two main  proton

observational features of the hydrogen atom: at the electron's
(a) its stability and (b) the spectrum of its nucleus R . orbit
radiation. Let us consider these one at a time. -

(a) Anelectroninacurvedorbitisaccelerated
and hence must radiate. As it radiates its energy electron
away, the radius of its orbit must decrease until
eventually it collapses into the nucleus. Thus, the
atom cannot be stable. But most of the atoms are
stable.

(b) The second discrepancy involves the observed radiation spectrum. The frequency of the
radiated energy should be the same as the orbiting frequency. As the electron orbit collapses, its
orbiting frequency increases continuously. We might thus expect the spectrum of radiation emitted
by excited hydrogen atoms to be continuous. In contrast, the experimentally observed spectrum
consists of families of discrete lines.

® the hydrogen atom
Bohr’s model of the hydrogen atom.

Bohr provided an explanation for both the spectral discreteness and the observed stability. He
proposed that in solving for the orbital motion of the electron in its hydrogenic orbit one should
impose an added condition:

The angular momentum of the electron must be equal to some integer multiple of .

l=nhi(n=1,2,3..)

The quantisation implies that the laws of classical mechanics and of classical electro-magnetism
are inapplicable at the atomic level.

(ii) Black Body Radiation

The observed variation of the spectral intensity / (v) (power per unit area per unit frequency) of
blackbody radiation as a function of frequency v is shown in Fig. 2.1. From the curves we note that

(7)) The intensity reaches a maximum at some frequency v,,.

(7i) The frequency v, as well as the height of the peak, increase with temperature.
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The application of statistical thermodynamics and
the ordinary laws of mechanics and electromagnetic
theory led to the Rayleigh-Jeans formula

This law, except for very low frequencies, is in total
disagreement with experimental results. The law predicts T-1500 K
an infinite amount of radiated intensity. Actually, the J=1000K
total radiated intensity is finite.
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Max Planck resolved this controversy by postulating Vml | -
that the exchange of energy between atoms and radiation 10" 2x10™ 3x10'
involves discrete amounts of energy. At a given frequency v (Hz)

v, the smallest amount of energy that can be exchanged Fig. 2.1
is equal to
E= hv.

Only multiples of hv are involved in the interaction.
Applying this postulate to the problem of black body radiation theory, Planck obtained

i) 8m v2 hv
V = —_— .
S M

Planck’s formula agrees with experimental curves. The notion that field energy is quantized

rather than a continuous quantity was a new and profound addition to physics.
(iii) The Photoelectric Effect

A direct confirmation of the energy quantization of electromagnetic fields was provided by the
phenomenon of photoelectric emission. When light of frequency v is incident on a metal, electrons
are emitted from the metallic surface only when 4v > ¢. When /v > ¢, the electrons are emitted with
a kinetic energy 7, where

hv = o¢6+T

The energy of the photo-electron is independent of the intensity of light. The intensity of light
determines merely the number (per second) of the emitted electrons. The explanation was provided by
Einsteinand invoked the electromagnetic field particles, photons, each carrying an energy /v. Electrons
in the material are held back from the vacuum by an energy barrier of height ¢. The impinging photon
can transmit its energy /v to an electron near the surface. If v < ¢, this energy is insufficient to
surmount the barrier and no electrons are ejected. If Av > ¢, the excess 7 = hv — ¢ is the kinetic
energy of the electron leaving the surface.

(iv) The Compton Effect

The scattering of monochromatic X-rays from targets composed of light elements was studied
by Compton. He found that the scattered radiation consists of two lines, one of the same wavelength
as the incident radiation and one of slightly longer wavelength. The change in wavelength depended
on the scattering angle. Compton was able to explain the measured angular dependence of wavelength

hv

shift perfectly when he assumed that individual photons of energy E = 4v and momentum p = —
c

collided with individual electrons in such a way that momentum and energy were conserved.
Compton’s formula
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h
myc

M=k = Ak = (1-cos0)
gives the wavelength of the scattered photon in terms of incident wavelength and the angle at which
the scattered photon is detected. This equation was verified by Compton experimentally.

The quantity —— in Compton’s formula has dimensions of length and is called the Compton
myc

wavelength of the electron. Its magnitude is 2.43 x 102 m. This constant, which is characteristic of
the X-ray scattering with wavelength shift, could not be reproduced by applying Maxwell’s theory
of electromagnetism to the scattering process.
(v) The Heat Capacity of Solids
Another experimental observation that could not be explained by ordinary physics was that of
the heat capacity of solids. Classical equipartition of energy led to the prediction that the specific
heat per kilo mole of solid elements should be 3R. Dulong and Petit verified this result for many
elements at high temperatures. However, the prediction failed completely in the low-termperature
domain.
This disagreement between theory and experiment was resolved by Einstein and Debye who
applied the Planck quantization condition
E =hv
to the mechanical oscillations of the lattice. The most profound effect of applying Planck’s postulate
to an oscillator is that its average thermal equilibrium excitation energy is no longer equal to k7 (the
classical value) but to
hv
E = | (1)
Note that £ — kT for kT'>> hv. The application of Eq. (1) to the heat capacity problem resulted

in excellent agreement with experiment.
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the ejection of one or more secondary electrons from the surface. Suppose that a photoelectron
striking dynode 1 produces x electrons by secondary emission. These electrons are then directed
towards dynode 2 by making its potential higher than that of dynode 1. Suppose x electrons are
again ejected by secondary emission for each incident electron. Then, for each electron emitted by
the photosensitive plate, there are now x? electrons and so on. If there are several dynodes, each at
a potential higher than the preceding one, an avalanche of electrons reaches the collector plate 4. A
strong current then flows in the outer circuit. This device is used to amplify very weak light signals.

+100 V +300 V
_ 11 3
Light >
> c
> A
+200 V g
Fig. 2.2

(Zif) Photoelectric cells are used to compare the illuminating powers of two light sources. They
are also used in the measurement of the intensity of illumination of a light source.

(iv) Sound reproduction in films. The film is provided with a sound track at one edge. Light
passing through the sound track of the film falls on a photocell. Current is produced, which fluctuates
correspondingly with the intensity of sound recorded in the sound track. The current impulses are
converted to sound by speakers.

(v) Automatic operation of street lights. A photoelectric cell, located in a street light circuit,
switches off the street light when sunlight is incident on the cell. When sunlight fades and it becomes
dark, the photoelectric cell switches on the street lights.

Q) PLANCK'S QUANTUM THEORY

The distribution of energy in the spectrum of a black body. If the radiation emitted by a
black body at a fixed temperature is analysed by means of a suitable spectroscopic arrangement,
it is found to spread up into a continuous spectrum. The total energy is not distributed uniformly
over the entire range of the spectrum.

Experimental arrangement. The distribution of energy in various parts of the spectrum
was experimentally studied by Lummer and Pringsheim. The radiation from the black body was
rendered into a parallel beam by the concave mirror [Fig. 2.3]. It is then allowed to fall on a
prism of fluorspar to resolve it into a spectrum. The spectrum is brought to focus by another
concave mirror on to a linear bolometer. The bolometer is connected to a galvanometer. The
deflections in the galvanometer corresponding to different A are noted by rotating the prism table.
Then curves are plotted forf, versusA. The experiment is done with the black body at different
temperatures. The curves obtained are shown in Fig. 2.4.

Results. (/) At any given temperature, £, first increases with A, reaching a maximum value
corresponding to a particular wavelength A, and then decreases for longer wavelengths.

(i1) The value of E, for any A increases as temperature increases.

(iii) The wavelength corresponding to the maximum energy shifts to shorter wavelength side as
the temperature increases. This confirms Wien’s displacement law A, 7= constant.
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(iv) Total energy emitted per unit area of the source per second at a given temperature is

jEx dA . It will be represented by the total area between the curve for that temperature and the
0

A-axis. This area is found to be proportional to the fourth power of the absolute temperature. This
verifies Stefan's law.

Wien’s Displacement Law. The wavelength of the most strongly emitted radiation in the
continuous spectrum from a full radiator is inversely proportional to the absolute temperature of
that body, i.e., ., T=b.

Here, b is Wien’s constant 2.898 x 10 mK.

Planck’s hypothesis. According to the classical theory of radiation, energy changes of
radiators take place continuously. The classical theory failed to explain the experimentally
observed distribution of energy in the spectrum of a black body. Planck succeeded in deriving a
formula which agrees extremely well with experimental results. He discarded both the idea of
radiation being a continuous stream as well as the law of equipartition of energy. He suggested the
quantum theory of radiation. His assumptions are:

(1) A black-body radiation chamber is filled up not only with
radiation, but also with simple harmonic oscillators or resonators of
molecular dimensions. They can vibrate with all possible frequencies.

(2) The oscillators or resonators cannot radiate or absorb energy continuously. But an
oscillator of frequency v can only radiate or absorb energy in units or quanta of magnitute /4v. s is a
universal constant called Planck’s constant. The emission of radiation corresponds to a decrease and
absorption to an increase in the energy and amplitude of an oscillator.

Derivation of Planck’s law of radiation. Let N be the total number of Planck’s resonators and
E their total energy. Then, average energy per oscillator =¢ =E/ N.

N = Ny,+Nye M+ Nye M+ ..+ Nje ™M 4 ...
Here N, = number of resonators having 0 energy.
Nye T = number of resonators having energy ¢,
Nye 2T = number of resonators having energy 2,
Nye kT = number of resonators having energy r¢ and so on.
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Putting e/kT = x,
N = N0+N067X+N0€72x+ .............. Noe*’x
N,
N = 0 (1)
l-e*
The total energy of Planck’s resonators is
E=0xN,+exNye *+2exNye >+ +rgx Nye ™+
Ee™ = gNyje ™ +2e Nye ™+ +reNye 7 D*
Subtracting, E (1 —¢ ) = e Nje “+eNye * +eNye **+ -
_ eNye "
l-e ™
eNje ™
E = 0—e2 Q)
(I-e)
Average energy _ E e ” e
= &£ =—= =
of a resonator N l-e% e'-1
According to Planck’s hypothesis, € = hv. Further v = ¢/A.
Hence,
he € he
€= — and x=—=—
A kT MT
€ = A .(3)

(ehc/McT _1)

Number of oscillators per unit volume in the wavelength range A and A + dA = 87 /s
.(4)
Hence, energy density of radiation between wavelengths A and A + dA = (average energy of a
Planck’s oscillator) x (number of oscillators per unit volume).

- he/A -4
_ 8mhed”’
E}L d?\/ - md;\‘ ...(5)
__ smhy’ 1646 K
or EVdV = mdv ...(6)

Here E, dv is the energy density belonging to the range dv. T
Eq. (5) represents Planck’s radiation law in terms of wavelength.
Planck’s formula fits the experimental curve very closely [Fig. E:
2.5].

® Planck’s formula reduces to Wien’s formula for small

1095

N\
wavelengths. When A is small, M g large when 904> L
compared to 1. Hence Eq. (5) reduces to v =
Edh. = Snheh S e M g, A7) 7 In Microns ——

Fig. 2.5
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This is Wien s law.

® Planck’s formula reduces to Rayleigh Jean’s formula for longer wavelengths.
When A is large, €'~ 1 + (he/MKT).
Hence Planck’s law reduces to

=5
E, d. = gn—<t

———d\ =8mkTA " dA .(8)
(he/AKT)

This is Rayleigh-Jeans formula.

Photo Electric Effect

Whenever light or electromagnetic radiations (such as X-rays, Ultraviolet rays) fall on a metal
surface, it emits electrons. This process of emission of electrons from a metal plate, when illuminated
by light of suitable wavelength, is called the photoelectric effect. The electrons emitted are called the
photoelectrons. In the case of alkali metals, photoelectric emission occurs even under the action of
visible light. Zinc, cadmium etc., are sensitive to only ultraviolet light.

The Nature of Photo-particles

Experimental arrangement. The apparatus consists of two plates 4 and C placed in an
evacuated quartz bulb (Fig. 2.6).

Light

Fig. 2.6

The galvanometer (G) and battery (£) are connected as shown. When ultraviolet light is incident on
the negative plate C, a current flows in the circuit as indicated by the galvanometer. But when
light falls on the positive plate 4, there is no current in the circuit. These observations show that
photo-particle must be negatively charged.
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A3 EXPERIMENTAL INVESTIGATIONS ON THE PHOTOELECTRIC EFFECT

Apparatus: Photoelectric effect can be studied in detail with the help of the apparatus
shown in Fig. 2.7.

Light r]w cr—— | P

-
|
N

}_____
-~
Fig. 2.7

It consists of an evacuated glass tube 7 with a quartz window W. P is a photoelectrically sensitive
plate. C is a hollow cylinder and it has a small hole that permits the incident light to fall on the plate
P. Pis connected to the negative end. C is connected to the positive terminal of a battery B.

Working. When light from some source falls on the plate P, the photoelectrons are ejected
out of the plate P. These photoelectrons are attracted by the positively charged cylinder C. Hence a
photoelectric current flows from P to C in the bulb and from C to P outside the bulb. This current
can be measured from the deflection produced in the galvanometer G. It is found that the strength
of the photoelectric current increases as the potential of C is more and more positive with respect to
P. The deflection in G decreases when the potential of C is negative with respect to P. The results
obtained are summarised into four statements. They are called the laws of photoelectric emission.

Laws of photoelectric emission. (i) For every metal, there is a particular minimum frequency
of the incident light, below which there is no photoelectric emission, whatever be the intensity of the
radiation. This minimum frequency, which can cause photoelectric emission, is called the threshold
frequency.

(if) The strength of the photoelectric current is directly proportional to the intensity of the
incident light, provided the frequency is greater than the threshold frequency.

(iii) The velocity and hence the energy of the emitted photoelectrons is independent of the
intensity of light and depends only on the frequency of the incident light and the nature of the metal.

(iv) Photoelectric emission is an instantaneous process. The time lag, if any, between incidence
of radiation and emission of the electrons, is never more than 3 % 107 sec.

Failure of the electromagnetic theory. The above experimental facts could not be explained
on the basis of the electromagnetic theory of light.

(1) Calculations showed that it would require about 500 days to dislodge a photoelectron from
sodium by exposure to violet light of wavelength 4000 A. Experimentally, however, we observe that
electron ejection commences without delay.
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(2) According to the classical theory, light of greater intensity should impart greater K.E. to the
liberated electrons. But, this does not happen. Also, the velocity of the emitted electron should not
depend on the frequency of the incident light. But it does.

The phenomenon was adequately explained by Einstein on the basis of Planck’s Quantum
theory of radiation.

Quantum theory. According to Planck, the energy of a monochromatic wave with frequency v
can only assume those values which are integral multiples of energy Av. i.e., E, = nhv, where n is an
integer referring to the number of “Photons”. Thus the energy of a single PHOTON of frequency v
is E=hv.

X EINSTEIN'S PHOTOELECTRIC EQUATION

According to Einstein, light of frequency v consists of a shower of corpuscles or photons each
of energy #v. When a photon of light of frequency v is incident on a metal, the energy is completely
transferred to a free electron in the metal. A part of the energy acquired by the electron is used to
pull out the electron from the surface of the metal and the rest of it is utilised in imparting K.E. to
the emitted electron. Let ¢ be the energy spent in extracting the electron from the emitter to which
it is bound (photoelectric work function) and % mv* the K.E. of the photoelectron.

Then o= o+ % mv? (D

This relation is called the Einstein’s Photoelectric equation. 1f v is the threshold frequency
which just ejects an electron from the metal without any velocity then, ¢ = Av.

1
hv = hv, + 3 mv2 (2
Here, v,, . is the maximum velocity acquired by the electron.
1 > _
or 5 mve,.. = h(v—vy) ..(3)

® The work function of a metal is defined as the energy which is just sufficient to liberate electrons from
the metal surface with zero velocity.

® Equation (3) suggests that the energy of the emitted photoelectrons is independent of the intensity of
the incident radiation but increases with the frequency.
Experimental verification of Einstein’s Photoelectric Equation—Millikan’s Experiment.
Theory. Millikan’s experiment is based on the “stopping potential”. The stopping potential
is the necessary retarding potential difference required in order to just halt the most energetic
photoelectron emitted.
The K.E. of a photoelectron leaving

the surface of a metal irradiated with ¢ = % mvi . =hv —¢.
light of frequency v

Let V be the P.D. which is applied between the emitter and a collecting electrode in order to
prevent the photoelectron from just leaving the emitter, the emitter being maintained at a positive
potential with respect to the collector. Then,

max

el = lmv2
2

eV =hv—9¢
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or V= ﬁV _¢ (1)

e e YA
¢ is constant for a given metal; s and e are also constants.

Hence, Eq. (1) represents a straight line. V' is measured
for different values of v. A graph is then plotted between the y
stopping potential (7) taken along the Y-axis and the frequency
of light (v) taken along the X-axis. The graph is a straight line
(Fig. 2.8). The slope of the straight line

tan 0 = ﬁ > X
e (6] Vo v
h = etan B -(2) Fig. 2.8

Hence the value of / (Planck’s constant) can be calculated. The intercept on the X-axis gives
the threshold frequency v, for the given emitter. From this, photoelectric work function=¢ =4 v,
is calculated.

Light
L

Experiment. Millikan’s apparatus is shown in Fig. 2.9. Alkali metals are employed as emitters,
since they readily exhibit photoelectric emission even with visible light. Cylindrical blocks (C) of
sodium, potassium or lithium are mounted on a spindle S at the centre of the glass flask G. The flask is
evacuated to a very high vacuum to free the metals from all absorbed gases and to prevent their
oxidation. The spindle can be rotated from outside by an electromagnet. As each metal block passes by
the adjustable sharp edge K, a thin layer of it is removed, thus exposing a fresh surface of the metal to
the irradiating light entering the flask through a quartz window W. Monochromatic light provided by a
spectroscope is used to illuminate the fresh metal surfaces. The photoelectrons are collected by a
Faraday cylinder F. The Faraday cylinder is made of copper oxide which is not photosensitive. The
photocurrent is measured by an electrometer connected to the Faraday cylinder.

The stopping potential of the liberated photoelectrons is measured by raising the emitter surface to a
positive potential, just sufficient to prevent any of the electrons from reaching the collector (F). The
stopping potential is the positive potential applied to the emitter, which corresponds to zero current in the
electrometer. The stopping potential (7) is determined for different wavelengths of the incident light. The
value of V should be corrected for any contact potential between the metal (C) and Faraday cylinder (F).
On plotting V against v, we get a straight line. Measuring the slope of the

straight line, the value of //e is obtained. Then substituting the known value of e, / is calculated. The

value of / calculated in this way agrees fairly well with the value obtained by other methods. Thus
the Einstein’s equation can be verified experimentally.
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EXERCISE

1. The velocity of photoelectron depends upon the ...........ccc.c..... of the incident photon only.
[Ans. Frequency]
20 e is known as the Einstein’s photoelectric equation.
[Ans. hv = + 1/2 m?]
3. At threshold frequency, the kinetic energy of emitted photoelectron is ......................
[Ans. zero](B.U., April 2013)

4. The photoelectric work function ¢ = ..........cccceeee [Ans. ¢ = hv, ]
5. Millikan’s experiment is based on .....................
(a) developing potential (b) high potential (c) stopping potential (d) negative potential.
[Ans. (¢)]
6. In photoconductive cell, as the intensity of radiation increases, ..............co...... of semiconductor mterial
decreases.
(a) elasticity (b) hardness (c) resistance (d) none of these
[Ans. (¢)]

7. Explain the Richardson and Compton experiment to study the photoelectric phenomena.

8. State and explain laws of photoelectric emission.

9. Derive Einstein’s photoelectric equation.
10. Calculate the work function of sodium, in electron-volts, given that the threshold wavelength is
6800 A, and /= 6.625 x 10 Js.

[Sol. ¢ = hvy=hclk,
Here, h =6.625x 107" Js; ¢ =3 x 10° ms ™" and A, = 6800 x 10" m.
o - (6.625%x107*)(3x10%) I (6.625%x107*)(3x10%)
(6800%107'%) (6800x107'°)(1.6x107")
= 1.827 ¢V]

11. The photoelectric threshold for a metal is 3000 A. Find the kinetic energy of an electron ejected from
it by radiation of wavelength 1200 A.

[Sol. K.E. of the electron = %m\/2 =h(v—-v,)

_ he(hg =) _ (6.62x107°)(3x10%)(1800x107"")

=9.93x10"71=62eV
A (3000x1071°)(1200x107'%) ]

12. Discuss the relation between photoelectric current and retarding potential in photoelectric effect.

13. with necessary theory, discuss the Millikan’s experimental verification of Einstein’s photoelectric equation.

14. Discuss the distribution of energy in the spectrum of a black body and its results.
15. Derive an expression for Planck’s law of radiation.
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UNIT Il

CONCEPT OF
MATTER WAVES

de Broglie’s concept of matter waves — expression for de Broglie’s
wavelength — phase velocity — group velocity relationship.
Heisenberg’s Uncertainty Principle — Elementary proof of
Heisenberg’s uncertainty relations.
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3.1 MATTER WAVES

According to de Broglie a moving particle, whatever its nature, has wave properties associated
with it. He proposed that the wavelength A associated with any moving particle of momentum p
(mass m and velocity v) is given by

=Lt t (1)
p  mv

Here, 4 is Planck’s constant. Such waves associated with the matter particles are called matter
waves or de Broglie waves.

Bohr’s Theory of the hydrogen atom led de Broglie to the conception of matter waves. According to
Bohr’s theory, the stable states of electrons in the atom are governed by “integer rules”. The only
phenomena involving integers in physics are those of interference and modes of vibration of
stretched strings, both of which imply wave motion. Hence de Broglie thought that the electrons
may also be characterised by a periodicity. So he proposed that matter, like radiation, has dual
nature. Eq. (1) was verified by experiments involving the diffraction of electrons by crystals.
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The de Broglie Wavelength

A photon of light of frequency v has the momentum

p = hvlc
But v = ¢/A. Therefore, the momentum of the photon can be expressed in terms of wavelength
A as
p = h\
The wavelength of a photon is, therefore, specified by its momentum according to the relation
A = hip. (1)

de Broglie suggested that Eq. (1) is a completely general one that applies to material particles
as well as to photons. The momentum of a particle of mass m and velocity v is p = mv, and its
de Broglie wavelength is accordingly
A = himv.

3.1.1. Expression for de Broglie Wavelength
De Broglie derived an expression for the wavelength of matter waves on the analogy of radiation.

Based on Planck’s theory of radiation, the energy of a photon (quantum) is

he
E=hv=— (1
” (1

Here, ¢ is the vacuum velocity of light and A its wavelength.
According to Einstein mass-energy relation,

E = mc? -(2)
From Egs. (1) and (2),
he
me” = —
A
or LA N N . 03)

mc p momentum

Here, mc = p is the momentum associated with photon.

De Broglie suggested that this equation for wavelength is a perfectly general one, applying to
material particles as well as to photons. In the case of particles,
momentum = mv.
Hence the de Broglie wavelength of a particle is
h h

A= —=2 (4
myv p

3.1.2. Other Expressions for de-Broglie Wavelength

(i) For a Free particle: If £ is the kinetic energy of the material particle, then

p = (2mE,)
Therefore, de Broglie wavelength of particle of K.E. = E, is given by
= ()

J2mE,

(if) For a charged particle accelerated through a potential difference V: If a charged
particle carrying charge ¢ is accelerated through a potential difference V volts, then kinetic energy
E,=qV.
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The de Broglie wavelength for charged particle of charge ¢ and accelerated through a
potential difference of V volts is

= Q)

J2mqV
(iif) For thermal neutrons: Kinetic energy of thermal neutrons is £, = kT.
Here, k = Boltzmann constant,
T = temperature at which neutrons are enclosed in the chamber.

Therefore, the de-Broglie wavelength of a material particle at temperature 7' is
h h

= = ..(3
J@mE,)  2mkT @
EXAMPLE 1. Find the de Broglie wavelength associated with
(i) A 46 gm golf ball with velocity 36 m/s.
(ii) an electron with a velocity 10" m/s.
Which of these two show wave character and why ? (Garhwal 1994)

SoL. (i) Since v <<c, we can take m = m,—> the rest mass. Hence

o~ ho_ 663x 10 J.s
mv  (0.046kg)(36m/s)
= 4.0x10*m.
Thus the wavelength associated with golf ball is much smaller as compared to its dimensions.
Hence no wave aspects can be expected in its behaviour.

(i) Againv<<c,som=m,=9.1x10""kg.

34
p = A 663x10 ~73x10 " m

mv o (9.1x 107 x 107

This wavelength is comparable with the atomic dimensions. Hence a moving electron exhibits
a wave character.

EXAMPLE 2. Show that the de Broglie wavelength associated with an electron of energy V
electron-volts is approximately (1.227/ Nz ) nm.

SoL. The de Broglie wavelength A associated with an electron of mass m and energy E is given
by
__h
JCmE)
Here, kinetic energy £, = VeV =1.6 x 10°r)

6.62x 107

J2x9.1x107 x1.6x 107 1)

A=

C1227x107°m 1227

= NG N nm
EXAMPLE 3. Find the kinetic energy of a proton whose de Broglie wavelength is 1 fm.
SoL. pc=(mv)c = hc/h
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_ (4136x107" eV.s) 3x10° ms™

5 =1.241 GeV.
1x10" " m

Rest energy of proton = £, = 0.938 GeV.
pc > E,. Hence a relativistic calculation is needed.
The total energy of the proton is

E = B} + p’c® =\(0.938 GeV')? + (1241 GeV ) =1.556 GeV.

The kinetic energy of the proton is
KE = E—E;=(1.556—-0.938) GeV = 0.618 GeV

EXAMPLE 4. Show that the de Broglie wavelength for a material particle of rest mass m, and
charge q, accelerated from rest through a potential difference of V volts relativistically is given by

h

2my qV 1+L2
2myc

SoL. We use the relativistic formula to find momentum.

A=

Kinetic energy E, = qV.
E* = pic? +m§c4,E:Ek +m002 :qV+m002
So, p202 = Ez—mg ¢t = (qV +my, cz)z—mg ¢t = q2 v? o+ 2my ? qV
p2 = 2myqV| 1+ qu or p=[2myqV |1+ qu
2my ¢ 2myc
W b )

qV
2my gV | 1+
\/ " ( 2m002j

Special Case. If the charged particle is an electron, then ¢ = ¢ = 1.6 x 107" C,
my=9.1x10""kg.

- 6.62x107*
-19
(2x9.1x107 x 1.6 x107°7)| 1 + 1'6Xi? g 82
2x9.1x107" x (3x10%)
_ 1227 1
= X nm

W Jfi+9768x107 1

3.1.3. Phase velocity (or Wave Velocity) of de Broglie Waves
The phase velocity v, of @ monochromatic wave is the velocity with which a definite phase of the
wave, such as its crest or trough, is propagated in a medium.

The equation of motion of a plane wave of frequency v and wavelength A moving in the
x-direction is

y = A cos (ot — kx).

41 CONCEPT OF MATTER WAVES



u Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli

J!\/\/\/\/\/\A X
S \VAVAVAVAVAVILS:

Fig. 3.1
Here, A4 is the amplitude of the wave (Fig. 3.1).

® (=2 mv) is the angular frequency and & (= 27/A) is the propagation constant.

This wave moves with a phase velocity

v, = VA = w/k
® Aparticle of mass m moving with velocity v has a wave associated with it whose wavelength
is given by
h
}\’ = .
my

Let E be the total energy of the particle. Let v be the frequency of the associated wave. We
equate the quantum expression E = hv with the relativistic formula for total energy £ = mc?. So we
get

hv = mc* or v=mc’h.
Let v, be the de Broglie wave velocity. Then,

vV, = VA= _m02 (ij—i
P h my v

But the particle velocity v is always less than ¢ (the velocity of light). Therefore, the de Broglie
wave velocity v, must be greater than c.

3.1.4. Group Velocity

It is possible to form a concentrated wave packet by taking a sum of a large number of plane
waves with slightly different wavelengths and frequencies. When such a group travels in a dispersive
medium, the phase velocities of its different components are different. The observed velocity is,
however, the velocity with which the maximum amplitude of the group advances in the medium.
This is called the “group velocity”. Thus, the group velocity is the velocity with which the energy in
the group is transmitted. The individual waves travel “inside” the group with their phase velocities.

® The velocity with which the centre of a wave group i.e., maximum amplitude, moves is
called the group velocity of the wave group.

3.1.5. Expression for Group Velocity

Consider two waves that have the same amplitude 4 but differ by an amount A® in angular
frequency and an amount Ak in wave number. They can be represented by the equations

v, = A cos (o1 — kx)

Y, =A cos [(0 +tAw) t — (k + Ak) x]
The superpostition of the two waves will yield a single wave packet or wave group.
Let us find the velocity v, with which the wave group travels.
The resultant displacement y at any time # and any position x is the sum of y, and y,.

Yy =0ty
= Acos (ot —kx)+Acos [(0+Aw ) t — (k+ Ak) x]
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= 2Acosl [2o+Aw]t—(2k + Ak) x] cos 1 (Aot — Akx)
2 2
Aw and Ak are small compared with o and k respectively. Therefore,

1
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2k + Ak = 2k.
y = 2Acos (% t—%ka cos (ot —kx) (1)

This is the analytical expression for resultant wave (wave packet) due to superposition of the
two waves. The second cosine function is the original wave. The coefficient of this cosine can be

considered to be an amplitude that varies with x and ¢. This variation of amplitude is called the
modulation of the wave.

Hence Eq. (1) represents a wave of angular frequency o and wave number £ that has superim-

. . 1 .
posed upon it a modulation of angular frequency 5 Ao (Fig. 3.2).

The velocity vy of the wave groups is

Aw
v, = — (2
v 2
When o and & have continuous spreads, the group velocity is given by
do
v, = — ..(3
o 3)

This is the expression for the group velocity.
Group Velocity of de Broglie Waves

A particle moving with a velocity v is supposed to consist of a group of waves, according to de

Broglie hypothesis.
The group velocity is given by,
g dk

43 CONCEPT OF MATTER WAVES



Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli

The angular frequency and wave number of the de Broglie waves associated with a particle of
rest mass m, moving with the velocity v are given by

2 2
© = 2y = 2nmc _ 2ntmyc ()
h h\/l—vz/c2
and f= Zn_2nmv_  2mmv e

By differentiation, we obtain

do _ 2mmyy
v p1-v¥ery:
dk 2mm

A h(1=R)s
The group velocity Vg of the de Broglie waves associated with particle is
_ do _dodv _
v, = —= =y
g dk  dkidv
Hence the de Broglie wave group associated with a moving particle travels with the same
velocity as the particle.

Relation between Group Velocity (v,) and Wave Velocity or Phase Velocity (v,)

We have the relations,

. o
Wave velocity, v, = T (1)
Group velocity, Ve = C:;—Z) .(2)

The wave number is given by

= 2"
A
dk 2n
ak _ _ 2T e
dh 2 )
1%
Also ® = 2nv=2n2L
A
d
do _ 5 | Y 1%
dn A2 A dh
do 2 dv,
or —_— = - — —A— ..(4
7Y {VP dk} @
Dividing Eq. (4) by Eq. (3), we get
dv
_27725 Vp—xip
do d. _ 2 dh
dr’ dk 2n
}\‘2
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do dv
or — = v, —-A—=
dk ’ d\
_ v,
Vg = Vp _}\‘ﬁ (5)
Eq. (5) gives the relationship between group velocity (vg) and phase velocity or wave velocity

).
’ From this equation the following two cases arise.
(i) For dispersive medium
v,= f(A\). Usually dvp/dl is positive (normal dispersion).
: Vq < Vpr
This is the case with de Broglie waves.
(if) For non-dispersive medium

v,
VP?'—' f()\‘)ﬁzo SV, =V

This result is true for electromagnetic waves in vacuum.

® If the phase velocity is the same for all wavelengths, as is true for light waves in empty
space, the group and phase velocities are the same.

3.2 HEISENBERG'S UNCERTAINTY PRINCIPLE

Statement. ¢ is impossible to determine precisely and simultaneously the values of both the
members of a pair of physical variables which describe the motion of an atomic system.
Such pairs of variables are called canonically conjugate variables.

Example 1. According to this principle, the position and momentum
of a particle (say electron) cannot be determined simultaneously to any
desired degree of accuracy.

Taking Ax as the error in determining its position and Ap the error
in determining its momentum at the same instant, these quantities are
related as follows:

A Ap > h/2.

The product of the two errors is approximately of the order of
Planck’s constant 7.

® If Ax is small, Ap will be large and vice versa.
If one quantity is measured accurately, the other quantity becomes
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Example 2. Consider the wave group of Fig. 7.15.

e

r=7?

VAY:
—’i Ax |4— |<—Ax—>|

Ax small Ax large
Ap large Ap small

(a) (b)

Fig. 3.3
(a) A narrow de Broglie wave group. The narrower its wave group, the more precisely a
particle’s position can be specified (Fig. 3.3a).
But, the wavelength of the waves in a narrow packet is not well defined because there are not

. h . . .
enough waves to measure A accurately. Since A = —, the particle’s momentum myv is not a precise
mv

quantity. If we make a series of momentum measurements, we will find a broad range of values.
(b) A wide wave group. Now the wavelength A can be precisely determined (Fig. 3.3). The
momentum mv is therefore a precise quantity. But the position of the particle is not well defined.
® [t is impossible to know both the exact position and exact momentum of an object at the
same time.
Illustration (i) : Determination of position with y-ray microscope.

Suppose we try to measure the position and linear momentum of an electron using an imaginary
microscope with a very high resolving power (Fig. 3.4). Microscope Objective

Uncertainty in position measurement A

The electron can be observed if atleast one photon is
scattered by it into the microscope lens.

The resolving power of the microscope is given by the
relation

A
2sin©

Ax =

(D)

Photon

Here, Ax is the distance between two points which can
be just resolved by microscope. This is the range in which the
electron would be visible when disturbed by the photon. Hence
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Ax is the uncertainty involved in the position measurement of the electron.
Uncertainty in momentum measurement

The incoming photon will interact with the electron through the Compton effect. To be able
to see this electron, the scattered photon should enter the microscope within the angle 20. The
momentum imparted by the photon to the electron during the impact is of the order of //A.

The component of this momentum along O4 = — % sin O

The component of this momentum along OB = % sin 6.

The uncertainty in the momentum measurement in the x-direction is

h h 2h
Ap. = —sinO—| ——sinO | = — sin0. (2
Py = o ( . j . 2
AxxAp_ = }” x%sinezh.
o 2sin® A

A more sophisticated approach will show that A x A p > 7/2.

Hlustration (ii) : Diffraction of a beam of electrons by a slit.

A beam of electrons is transmitted through a slit and received on a photographic plate P kept at
some distance from the slit (Fig. 3.5).

Slit
p_——>
 owvt a7 _p=hin __
> y
P
Fig. 3.5

® Uncertainty in position measurement

We can only say that the electron must have passed through the slit and cannot specify its exact
location in the slit as the electron crosses it. Hence the position of any electron recorded on the plate
is uncertain by an amount equal to the width of the slit (A y).

A is the wavelength of the electrons. 0 is the angle of deviation corresponding to first minimum.

From the theory of diffraction in optics,

A
Ay = ——. (1
Y sin 6 M

This is the uncertainty in determining the position of electron along y-axis.

® Uncertainty in momentum measurement

Initially the electrons are moving along X-axis. So they have no component of momentum
along y-axis. As the electrons are deviated at the slit from their initial path to form the pattern, they
acquire an additional component of momentum along y-axis.
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p is the momentum of the electron on emerging from the slit.

The component of momentum of electron along y-axis is p sin 6.

The electron may be anywhere within the pattern from angle — 6 to + 6. So, the y-component of
momentum of the electron may be anywhere between —p sin 6 and + p sin 0.

Therefore, the uncertainty in the y-component of momentum of the electron

Ap, = 2psin9:2—}flsin9 [Xz%) -(2)
AyAp, = .xex%sinezﬂz.
sin

ie, AyAp > g , which is Heisenberg’s uncertainty principle.

3.2.1. Energy-Time Uncertainty Relation
Consider a free particle of mass m moving with velocity v.

Its kinetic energy is

2
E=Lm2o2
2 2m

Here, p = mv = momentum of particle.
Uncertainty in energy is given by
2pAp pAp mvAp -y

AE = Ap.
2m m m
But v = Ax
At
Ax
AE = —A
At ?
AE At = Ax Ap
Uncertainty relation in terms of position and momentum is
AxAp > h/2
AE At > E
2

3.2.2. Applications of Uncertainty Principle

® Non-existence of Electron in the Nucleus

EXAMPLE 1. Prove the nonexistence of electron in the nucleus on the basis of uncertainty
principle.

SoL. Nuclear diameter is of the order of 10™"> m. For an electron to exist inside a nucleus, the

uncertainty in its position must be at least of this order. That is, Ax ~ 10> m.
The uncertainty in the electron momentum is

Ny o _ 1.055x107**
P = %Ay T 2x10"
4)1/2

=0.527 x 10" kg ms™!

Energy of the electron, £ = (czp2 + mgc ~cp
E=(3x10ms") x(0.527x10 " kgms ) =1.581 x 107" J
_ Lsgix1o!

g €V =988 MeV
.OX
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For an electron to be a constituent of the nucleus, it should have an energy of the order of
98.8 MeV. However, the energy of an electron emitted in a B-decay experiment is of the order of 3
MeV. Hence, we conclude that electrons do not reside in the nucleus.

® Zero-Point Energy of a Harmonic Oscillator

EXAMPLE 2. Using the uncertainty principle, estimate the ground state energy of the harmonic
oscillator.

SoL. Assume that the particle position is uncertain by Ax. Then, from the uncertainty principle,
the uncertainty in particle momentum is Ap = 7 /(2Ax).

Total energy of the linear harmonic oscillator is

2 2
E= tran? + @2 - Lyagr o (D)
2 2m 2 8m(Ax)
. .. dE
The value of E will be minimum when =0
d(Ax)

2 ) \V/4
sl v (£]"
4m(Ax) 4mk

Substituting the value of Ax in Eq. (1), we get

! 2 22 iV Y he
Emin: —k _ +— —2 =—| — =
2 \dmk 8m\ h 2\m 2
® The Ground State Energy and the Radius of the Hydrogen Atom
EXAMPLE 3. Consider an electron of momentum p in the Coulomb field of a proton. The total
energy is s E
- P __<
2m  (4mey)r
where r is the distance of the electron from the proton. Assuming that the uncertainty Ar of the radial
coordinate is Ar = r and that A p = p, use Heisenbergs uncertainty principle ArAp = h to obtain an

estimate of the size and the energy of the hydrogen atom in the ground state.

SoL. From the uncertainty principle, A p > ~ = E
ror

The momentum p cannot be less than the uncertainty Ap. Hence, the minimum possible
momentum is

I/
p = — (1)
P
The total energy of the electron is given by
2 2
E=£2 __°¢ )
2m  4meyr
2 2
= __¢ (3)

2mr? 4meyr
The system will be in the state of lowest energy at the value of » given by
dE

— =0
dr
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h e
or -——+ > =0

mr>  4mgyr

2
or . (4n802)h
me
This is same as the expression obtained for the first Bohr radius a,,. Its value is
r=a,=053A (4

Substituting in Eq. (3), the ground state energy of the hydrogen atom is

2
5 h? me® e me’ B me*
0 5 2| - 2|7 2.2:2
2m | 4neyh dnegy | dneyh 32ngph
E, = -13.6eV ..(5)

® Evidence for finite width of the spectral lines

EXAMPLE 4. The lifetime of an excited state of an atom is about 107 sec. Calculate the
minimum uncertainty in the determination of the energy of the excited state.

SoL. We have, AE At > h/2.

“h_1.054x107*
20t 2(107%)
AE > 0527 x102°7=3.29x10"%eV.

This is known as the energy width of an excited state.

AE >

The width of the spectral line when the atom de-excites to the ground state is

Av = £
h
~0.527x107%°
 6.63x107*
Av = 8 x 10° Hz

This is the limit to the accuracy with which the frequency of the radiation emitted by an atom
can be determined.

3.2.3. Mathematical Proof of Uncertainty Principle for One Dimensional Wave-packet

We shall derive the position-momentum uncertainty relation by using the theory of Fourier
analysis. A moving particle corresponds to a single wave group. An isolated wave group is the result
of superposing an infinite number of waves with different angular frequencies o, continuous range
of wave numbers & and amplitudes (Fig. 3.6). The
composition produces oscillations confined to a single

region of space and thus provides an idealized picture X
of a localized matter wave.
At a certain time ¢, the wave group y (x) can be

represented by the Fourier integral .
Fig. 3.6

y(x) = Tg (k) cos kxdk
0

Here the amplitude function g (k) describes how the amplitudes of the waves that contribute to
v (x) vary with wave number k. v (x) and g (k) are just Fourier transforms of each other. Fig. 7.19
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shows Gaussian distributions for the amplitude function g (k) and g (k
the wave packet y (x). The relationship between the distance A x
and the wave number spread A k& depends upon the shape of the wave —> o Ak
group and upon how A x and A k are defined. The widths A x and
A k obey a reciprocal relation in which the product Ax Ak is equal
to pure number. The minimum value of the product A x A k occurs k
when the envelope of the group has the bell shape of a Gaussian

function (Fig. 3.7). Thus, the Gaussian wave packets happen to be ¥
minimum uncertainty wave packets. If A x and A & are taken as the B Ax
standard deviations of the respective functions y (x) and g (k), then
this minimum value is 1/2. Wave groups in general do not have
Gaussian forms. So we can write .
Ax Ak > — (1) X
2 Fig. 3.7
Let A be the de Broglie wavelength of the particle. We see from
_ 2 _om
A h
that the momentum of the particle is determined by the wave number k.
_ Ik
21
A
Ap = hAk =hAk-
2n

Hence an uncertainty A k in the wave number of the de Broglie waves associated with the
particle results in an uncertainty A p in the particle’s momentum.

From Eq. (1),AxAk>120rAk>1/2Ax
: Ax Ap > h/2 (2)
This is the Heisenberg uncertainty relation for position and momentum.

Eq. (2) states that the product of the uncertainty Ax in the position of an object at some instant
and the uncertainty Ap in its momentum component in the x direction at the same instant is equal to

or greater than 7/2.
The three-dimensional form of the Heisenberg uncertainty relations for position and momentum
is now
Ax Ap, > E,AyAp ZE,AZAP _E ..(3)
2 72 2

Time-Energy uncertainty relation

The theory of Fourier analysis may also be invoked to obtain a time-energy uncertainty
relation. Indeed, according to Fourier analysis, a wave packet of duration A ¢ must be composed of
plane-wave components whose angular frequencies extend over a range A® such that A t A ® >
1/2. Since E = fim, we, therefore, have

At AE > h/2 ..(4)
This Huasenbéwg uncertainty relation for time and energy. It connects the uncertainty AE in
the determination of the energy of a system with the time interval ¢ available for this energy
determination. Thus, if a system does not stay longer than a time A ¢ in a given state of motion, its
energy in that state will be uncertain by an amount A 2 > 71 E /A

3.2.4. Elementary proof of Uncertainty Relation between Displacement and Momentum

Consider a particle in motion along the x-axis.
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® The de Broglie relation between the wavelength A of the associated wave and the momentum
p, of the particle is

> | =

p, = — =hk (D)

Here, k= 2n/A is called the propagation constant.

® The particle in motion is represented by a wave-packet.
We consider the wave-packet as the superposition of two simple harmonic plane waves of
propagation constant k£ and k + 0k (Fig 3.8).

AN /\ AN AN
\VAAVAS VAL VAAVARVARY
g /\/\'/\M/a{/\/\/\/\
\VAAVAAVAAVAAVAAVARVALVALY,
NN //TA_W‘ L
LR e

= == (2)

® The particle must be somewhere within the wave-packet.
Uncertainty in the position of the particle = Ax.
Uncertainty in the propagation constant = Ak.
From Eq. (1), the uncertainty Ap, in the momentum is given by
= h Ak .(3)
Multiplying Eq. (2) by Eq. (3), we get the product of the uncertainties.

Ax.Ap. = (%j (h Ak) =2nth=h.

If wave-packets have shapes different from that shown in Fig. 3.8, then the sign of equality

is replaced by the sign >.

Ax.Ap. 2 h .(4)
® A single wave-packet is formed by superposition of an

infinite number of plane waves of different wave numbers N\/\/-\/W/v\

k (Fig. 3.9). This wave has virtually no amplitude outside a

rather narrow region of space Ax. < . ax >

Fig. 3.9
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For a single wave-packet Ax and Ak are related by:
1
Ax > — ..(5
A (&)
Multiplying Eq. (3) by Eq. (5), we get
Ax.Ap, h 2 -(6)

~

3.2.5. Elementary Proof of the Uncertainty Relation between Energy and
Time

—

A particle in motion is represented by a wave-packet
(Fig&x 1) the width of the wave-packet moving along the
X-axis.

Amplitude
)

v, = group velocity of the wave-packet, and >X

- —Ttvg

7 N\
-\ N\
/

Y, V/
\\\ //

v, = particle velocity along x-axis. — A —»

The group velocity of the wave-packet is equal to the
particle velocity.

Fig. 3.10
Vg = VX
Suppose the wave-packet moves through Ax in time At.
Ve o Vy
At = Ax ..(1)
v

X

Since Ax is the uncertainty in the x-coordinate of the particle, Az is the uncertainty in time ¢ at
which the particle passes through a point with velocity Vg

The kinetic energy of the particle, £ = p—i -(2)
Taking differential of Eq. (2), the uncertainty AE in the kinetic energy is given by
AE = 2P v
2m m m
AE = v _Ap, ..3)
Multiplying Eq. (1) by Eq. (3), we get
AE. At = Ax.Ap, ..(4)
According to the uncertainty relation between position and momentum, we have
Ax.Ap, 2 h.
from Eq. (4), we have
AE. At Z h ...(5)

This is the energy-time uncertainty relation.

3.2.6. Bohr's Complementarity Principle

Statement. /n any experimental situation in which a physical entity (matter or radiation)
exhibits its wave properties, it is impossible to attribute corpuscular characteristics to it.

® The particle and wave aspects of a physical entity are complementary and cannot be
exhibited at the same time.
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Example. In a two slit interference experiment, if we try to define electron trajectory either
by closing one slit or by placing some detecting apparatus immediately behind one of the slits,
the interference pattern disappears. It follows that any experiment which can be devised either
displays wave like or particle like characteristics of the system. The wave and particle pictures give
complementary descriptions of the same system.

Ilustration. Consider an experimental
arrangement in which light is diffracted by a
double slit and is detected on a screen (Fig. s, P
3.11). Suppose the light beam is very weak
and there is only one photon at a time in the

Light
apparatus. We can regard each photon [ = I 0
as having a wave associated with it. The
two slits transmit the photon in the
manner of a wave passing through both >
slits at once. When it strikes the screen,
light is behaving as a particle does. Thus the

v

Screen
wave and particle  pictures give .
.. Fig. 3.11
complementary descriptions of the same
system. Bohr introduced the

complementarity principle.

It states that the wave and particle aspects of matter are complementary rather than being
contradictory, both equally essential for a full description of the phenomenon.

EXERCISE

1. The de Broglie wavelength of a particle of mass m and momentum p is given by

_h _p _h _2p
A= — by A=+ A= — ===
@ 1= ®) 2= 2 © 7= 5 () 2=
2. If the momentum of a particle is doubled, then its de Broglie wavelength
(a) zero (b) halves (c) double (d) unchanged.
3. De-Broglie wavelength for thermal neutrons
h h h h
a) A= — b) A= ) A= — A= .
@ r= () 1= (0 1= @ 1=
4. The group velocity is given by
dv, dv,
(@) vg—v, () vy="v, () yy=v,- %H (d) vg=v,— -
5. The phase velocity of de Broglie wave
2
(a) vp=£ (b) vp=% (0) vp=% (d) vp=cl2.

6. Which one of the following is true?
(@) ATAB>h b) AJ Ax>(h (¢c) ATAp=h (d) AT Ak>Hh
Ans. 1. (a), 2. (b), 3. (b), 4. (¢), 5. (¢), 6. (a)
7. Explain the concept of matter waves.
8. Derive de Broglie relation for matter waves.
9. Derive an expression for phase velocity.
10. Derive an expression for group velocity.

11. Show that the group velocity of the de-Broglie wave associated with a particle is the same as the particle
velocity.
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13. State Heisenberg’s uncertainty principle and give two illustrations.

14. Derive Heisenberg uncertainty relation.

15. Explain the concept of energy and time uncertainty.

16. Explain non-existence of free electrons in the nucleus.

17. The lifetime of an excited state of an atom is about 10~® sec. Calculate the minimum uncertainty in the
determination of the energy of the excited state.
Solution. We have, AE At > h

34
A > L _1055x10
At 10™)
- AE > 1.0x1072°7=6.5x 10" eV.
This is known as the energy width of an excited state.

20. A microscope using photons is employed to locate an electron in an atom to within a distance of 0.2 A.
What is the uncertainty in the momentum of the electron located in this way?

[Hint: Ax Ap ~h. Given:  Ax = 02x10%m
Ap ~ 5.27 x 10 kg m/s]
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UNIT IV

OPERATORS AND
SCHRODINGER
EQUATION

Postulates of quantum mechanics. Wave functions and its interpretation
— linear operators — Eigenvalue — Hermitian operator — Properties of
Hermitian operator — Commutator Algebra. SCHRODINGER
EQUATION: Schrodinger’s wave equation in time dependent form —
Steady state Schrodinger’s wave equation — extension to three
dimensions.
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4.1. POSTULATES OF QUANTUM MECHANICS
Postulate 1 — The State

The state of a system is described by a wave function y(r, f).

Explanation. For a single particle, the wave-function is a function only of position r and time ¢,
and is written y(r, £). The wave function y(r, ¢) gives the complete knowledge of the behaviour of
the particle

Similarly, y(r) gives the stationary state which is independent of time.
® The wave function is a complex function of co-ordinates and time.
The probability of finding the particle in the space within » and » + dr is y* v dr.

® In order to conform to the physically realisable states, it must be well- behaved, i.e., it must
be singled-valued, continuous and finite.

Postulate 2 — Operators

Every physical observable is associated with a linear Hermitian operator.
Explanation. The result of measurements is a number. The eigenvalues of a Hermitian operator
are real, which justifies their use.

® The /inearity condition stems from the superposition principle.

Statement of Superposition Principle

If any system (a particle or an assembly of particles) can exist in a state represented by the wave
function W, and also in a state represented by the wave function ¥,, then it can be also in a state
represented by a wave function ¥ such that

Y =cW¥ +c W,
Here, ¢, and c, are arbitrary, in general, complex numbers.
® In quantum mechanics, dynamical variables like position, momentum, angular momentum,
energy, etc., are called ‘Observables’. The observables are represented by hermitian
operators.

Hermitian Operators naturally arise in quantum mechanics because their expectation values are

real. Table 10.1 lists the operators that correspond to various observable quantities.
TABLE 4.1. Operators Associated with Various Observable Quantities

Quantity

Operator

Position, x

Linear momentum, p

Total energy (Hamiltonian form), H

X

—ihi (or) —ihV
Ox

Angular momentum, r X p ihrxV
2 2 2
Kinetic energy, KE = P _16_2 (or) _h_v2
2m 2m ox 2m
Total energy, £ ihﬁ
2y, 5
n o

o,
————+V(x) (or) —%V +V(r)

2m ox*
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Linear Operator. An operator transforms one function into another. A well-known example is the
differential operator D = d/dx, e.g., Dx> = 3x.
In quantum mechanics, we are concerned with linear operators.
An operator a is said to be linear if
oy, +ty,)) = ay,+tay,and o (ay)=aay.
v, and , are arbitrary functions. a is a constant which may or may not be complex.
The operator D is linear.

Definition of Operator. An operator is defined as a rule by which a given function is transformed
into another function.

An operator tells us what operation to carry out on the quantity that follows it. Thus the operator

iha— instructs us to take the partial derivative of what comes after it with respect to # and multiply
t

the result by i7.

Postulate 3 - Eigenvalues

The only possible values which a measurement of the observable (whose operator is ) can
vield are the eigen values a, of the equation
oy, =a,y,. n=1,23, ..

This is true provided jw; vy, dt<oo and vy, is single-valued.

® The eigenfunctions y, form a complete set of n independent functions.
® The eigenvalues a, are just numbers.
An experiment always gives a real number. Hence, the eigenvalues have to be real.
Since Hermitian operators have real eigenvalues, the operators associated with physical
quantities must be Hermitian.

2
EXAMPLE. An eigenfunction of the operator d—z isy = ¢”. Find the corresponding eigenvalue.
by

SoL. The eigenvalue equationis G y,= G, ,,.
Here, G is the operator that corresponds to a certain dynamical variable G and each G, is a real

number.
dz
Gy = —z(ez") =4¢% =4y (=)
dx
Gy = 4.

The eigenvalue is G = 4.

Postulate 4 — Expectation Values

The average value of an observable a, corresponding to the operator a., for a system described
by the wave function y is given by

Iw*awdt
[v*ydr

The quantity < a > is called the expectation value.

<q> =

® If the wave function is normalised, the denominator is unity. We can write
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<a> = Iw*awdr

® The first four postulates deal with the properties of the quantum system at any given instant
of time.

Postulate 5 - Time development of a quantum system
The development in time of the wave function \y of a system is given by the equation.

n 0
Hy = ih—vy.
v at\lf

Here, H is the Hamiltonian operator.
This postulate is simply a statement of the time dependent Schrodinger equation. If the wave
function is known at some initial time, the above equation determines  at any other time.
® The time development of state, i.e., how the state changes as time progresses, is given by
the Schrodinger equation.

OPERATORS IN QUANTUM MECHANICS

4.1.1. Operator for Momentum

The wave function for a free particle moving in the positive x-direction is
y(x, f) = AP ED e
Differentiating Eq. (1) with respect to x, we get

oy _ A[ijpx o1 (pex—ED =ipx\ll

ox h /]
hoy _
i Ox PV
Y =y (2)
Oox

Eq. (2) is the eigen value equation for the x-component of the momentum.

° —ihi is the operator.
Ox

® \ (x, ?) is the eigen function of the operator.

® p is the eigen value of the operator.

0 .
—iha— is the operator for the x-component of the momentum. Thus

X
. 0
= —ih— ..(3
be = -ih— 3
Similarly, for the y and z-components of the momentum, the operators are
. 0
= —ih— ..(4
D, s “4)
. 0
= —ih— (5
p- . ©)
In three dimensions, the operator for the momentum p is
p =-ihV ...(6)
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ExAmPLE 1. Find the eigen values of the linear momentum operator.
SoL. The eigenvalue equation of linear momentum is

—ihd—w = avy; (a = eigenvalue)
dx
dy _ ia
y h
Integrating, Iny = %x +In C; C=constant

ia
= (Cexp | —x
v P(h j

For w to be finite in the region — oo to +o0 , the eigenvalue a has to be real. Hence, all real values
of a are the eigenvalues of linear momentum. In other words, linear momentum is not quantized.

4.1.2. Operator for Kinetic Energy

From the momentum operator, we have

., 0
—inZL = p oy (D)
ox
Differentiating Eq. (1) with respect to x, we get
o’y oy
R S
o’ Px ox
oy 1
But, = = —p.
Ox —ih A
0%y ( 1 j
S A —
2
or —hza—‘f =ply (2)
ox
Dividing Eq. (2) by 2m, we get
Rov _op
2m ox* 2m
n? oty
or _ZZY =K ..(3
2m ox? v ®
2
Here, K = 5—" = kinetic energy of the particle.
m

Eq. (3) is the eigen value equation for the kinetic energy of the particle moving in the x-direction.
2 A2
———-1s the operator.
2m ox* P
® (¥, ?) is the eigen function of the operator.

2
o K= zp—x is the eigen value of the operator.
m
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2 A2
__8_2 is the kinetic energy operator for the motion of the particle in the x-direction.
m Ox
2 A2
R = —h—a—z (@)
2m Ox
In three dimensions, the operator for kinetic energy is
N -
K - —V .(5)
2m

4.1.3. Operator for Total Energy

The total energy of a particle moving in the x-direction is given by

2
E= P iy (1)
2m
Here, V(x) is the potential energy.
2
or p_x+ V =F
2m

Multiplying through by  (x, ), we get

2
&\y +Vy = Ey
2m
2 2 A2
But & = _h_a_w
2m 2m ox?
2 A2
2m ox
2 52
22 Ly = E (2
o v v 2
Eq. (2) is the eigen value equation for the total energy E of the particle moving in the x-direction.
2 A2
_h_6_2 +V is the operator.
2m Ox

® (¥, ?) is the eigen function of the operator.

® [ is the eigen value of the operator.

2 2
—;—;—2 +V is the total energy operator for the motion of the particle along the x-direction.
m ox
2 A2
= —h—a—z V(%) NE)
2m Ox

H_ is called the Hamiltonian operator for one-dimensional motion.

For three-dimensional motion, the total energy operator is

R K2
H = —V>+V(r) (%)
2m
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2 2 2
Here, V? = 8_2+8_2+8_2
ox~ oy~ Oz
H is called the Hamiltonian operator.
4.1.4. Operator for Total Energy in terms of Partial Derivative with respect to Time

The wave function for a free particle moving in the positive x-direction is
v (x, ) = AMPxrED (1)
Differentiating Eq. (1) with respect to 7, we get

v _ oy [ij (—E) e/ Mps =)
ot /]
oy i
N _ g
a Y
oy 1
N - g
oV
0
or ih—y =FE (2
P v 2

Evidently the dynamical quantity £ in some sense corresponds to the differential operator ih% .

The total — energy operator is

- 2
E = ih— (3
= €)

4.1.5. Orbital Angular Momentum Operator
The classical orbital angular momentum of a particle is
L=rxp (1)
where r and p are the position and momentum vectors of the particle,
respectively. p is represented by the vector operator —i#iV. So L is represented by the vector
operator — i i(r x V). L=rx(-ihV)=—ihrxV ..(2)
Let L, Ly, L_ be cartesian components of L.

i j k
iL +jL,+kL, = —in|x y Z
9 90 0
ox 0y oz

h)
I
|
S

Eh)
I
|
f SF
7\ /T\ 7~ N\
o
><|Q)
|
v
o
SE
N

xi—ya—axJ ..(3)
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Let us now represent Cartesian components ZA
L in terms of spherical polar coordinates. The
Cartesian coordinates (x, y, z) and spherical
polar coordinates (r, 6, ¢), are related by Fig. r=/r/ :P
4.1. I
x = rsin 0 cos ¢, 9 :
y = rsin 0 sin ¢, :
z =rcos 0. (D) o 4 : Y
These equations yield ~o A
¢ So b7
r2=x2+y2+zz,cose=£. ___________ N _\_,!//
r
tan ¢ = (2) X
X Fig. 4.1
Using Egs. (1) and (2), we obtain
0 . 0 . . 0
a—: = sinBcos¢, é =sin O sin ¢, 6_: = cos0
8 lcosecosd), ﬁzlcosesind),@: —lsine ..(3)
ox r oy r Oz r
% _ _sing 29 _ coso 29 _
ox rsin®@’ dy rsin®’ 0z

Using these relations, we obtain
of _ofor ara0 of a¢

ox  or ox 00 ox 0¢ Ox
. of 1 of 1 sing 0 f
= ——+— v e ..(4
sm@cosd)ar+rcos(5)cosd>ae [ » Sin0 30 4)
of _ ofor 6f66+6f6¢

oy ordy 000y 0¢0y
/o1 o 1c0s00f

., .0 .
= Slnes}n¢6r+rCOS9S]n¢69 Sn0 00 ..(5)
of _9for 0/00 3f 30 iof 1. .0f
5z oroz o006z ag oz Y%, om0 ~©
(8 Kl
L = zh(s1n¢ae+cot9 cosd)ad)j (7
L = ih —cos¢i+cot9 sin(I)i (8)
Y 00 od
_ 0
L = zhad). (9)

L*in spherical polar coordinates is given by
L =L>+L +L}

= —h?|{sin’ (1)i+cot29cos2 d)i+sind>i cot@cosci)i
00’ 'S 00 o
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¢

—cos (I)%(cot 0 sin ¢%}+cot 0 sin d)a%(—cos ¢%)}+{%H

9
a¢

2 2
+cotOcos d)i(sin ¢%j} + {cos2 ¢86?+ cot” Bsin’ ¢6a?

2 2
= _j? Lﬂa?-k (cot? O+ 1)66? +sin ¢ (—cosec” 0)cos

2, 0 _ 2 0 .2, 0
+cotH cos ¢69 cosd(—cosec” 0) s1n¢a¢+cot6 sin q)ae:l

o 1 & d
= 1| o+ ——Ztcoth—
{ae2 sin® § 0.¢” 66}

2|00 1 &
sin® 90~ 50?  sin’ 0 9¢*

L2

1 a(. 40 1 &

—n? —| sin6— |+ —_— ..(10
Line 66( 89) sin? 0 a¢2} (10)
This is the expression for the operator of the square of the angular momentum.

Expressions for the Eigen values of the square of the total angular momentum (L? and its

z-component (L,).

The angular momentum of atoms and molecules is almost as important as the energy as it helps

to give physical significance to our mathematical functions. For a one-electron atom, the angular
momentum L is quantized both in magnitude and direction, with relations
ILIZ=10+1)n°
and L. = mh.

Here, | L| ?is the square of the magnitude of the orbital angular momentum about the centre of
the atom and L, is the component of the angular momentum along the z-axis.

[ and m, are quantum numbers which restrict | L] *and L to certain specific values.

To prove the above relations for an atom we must show that the wave functions of the atom are
eigenfunctions of the angular momentum operators L?and I:Z with eigenvalues / (/ + 1) #* and m 0
respectively.

Let us now first apply the operator iz to the one-electron atom wave function

Y (r,0,0) = R(r) O (6) D (9)

A ., Oy

L = _jhr

v ih 5
or Ly = —-ihR® C;—j:
The function ® (¢) for the atom is given by

@ = At
é—i = Aimlei'"1¢=iml(1).
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Substituting it in the above expression for iz v, we get
Ly = —ihimRO®
or ]:Z y =mhy
This result means that the wave functions y of the one-electron atom are the eigen functions of
L, having eigen values given by
L = mh. ..(4)

This is the expression for the quantized values of the z-component of the angular momentum of
the atom. (L, and L, however, do not obey quantization relations).

We next apply the operator I to the wave function y=RO O.

; 1 o (. o0 1 &
Iy = -1 | sinf—— ~— |ROD (5
v Lineae[sm aej+sin295¢2} )
2ol @ df. ,dO) @ do
= _#2 R £ e I < .
£ Linede(SIHGdej+Sin29d¢2
The ®-equation is ® = 4¢™ ©
2
CZ;(;) = A(iml)2 P =_ m? ®.
2
I’y = -n*RO® .1 a4 sinﬁﬁ - gl
sin® d o do sin 0

The function ® (0) is a solution of the equation

1 d(. ,d® m}
A sino22 - -0,
sin0 de(smedejJ{l(H) sinze}e) ’

This means that the quantity in brackets in the above expression for I? y isequalto—/(/+1)®.

Hence we get

Py =-mRO[-1(1+1)0]
or Py =1(+)*ROD
= [(I+ )Ry

5
<
I

or

It means that the wave functions y of the one-electron atom are the eigenfunctions of ?
having eigenvalues given by
IL? =1+ 1)#r
This is the expression for the quantized values of the square of the angular momentum of the
atom.

4.2. COMMUTING OPERATORS

® If AB= f)’;l, Aand B are said to commute.

o If AB= l§,:1, Aand B are said not to commute.
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Example. If A=xand B= 4 then,

dx
n dy
ABy = x—
v dx
o d
BAy = —(xy)
dx
dy
v dx
Hence ,Zlf?\y * Z-:?,:lq/
or AB + BA

In the special case if AB = BA , then the operators 4 and B are said to commute.

® The difference AB — BA is called the commutator of 4 and B.
® A bracket notation is used to denote the commutator
[4, B] = AB - BA.
® When two operators commute, it is possible to measure both the variables associated with
them simultaneously and accurately. Further, there will be no uncertainty in either of them.

® If two operators do not commute, it is not possible to measure the variables associated
with them simultaneously and accurately. If one of them is measured accurately, it is not
possible to measure the other simultaneously with accuracy.

4.2.1. Simultaneous eigenfunctions
If 4 and B are linear operators, and  is a function satisfying both the equations
Ay = oy, By =By, (1)
then vy is a simultaneous eigenfunction of 4 and B, belonging to the eigenvalues o and 3, respectively.

For example, consider a nonrelativistic free particle, of energy £ = %mv2 and momentum

p =mv. The wave function

_ 1 wmpx
= L ampr (2
v, o ()

satisfies simultaneously the equations

pv =py and H y=Ey.
A2
Here, H = ;; is the Hamiltonian operator for a free particle.
m

Equations (1) imply that
BAy = B(ay) = aBy = oy,
and ABy = APy) =P Ay = Pay.
By subtraction,
(AB—BA)y = 0. ..(3)
This equation shows that v is also an eigenfunction of the operator (4B — BA), belonging to the

eigenvalue zero. The condition (3) is necessary in order that y be a simultancous eigenfunction of 4
and B.
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The operator in Eq. (3) is called the commutator of A and B and is written,

[4,B] = AB - BA. ..(4)
Two operators satisfying the equation
[4,B] =0 ..(9)

are said to commute. This equation means that Eq. (3) is true for every y which is a member of
the class of functions under consideration.

The eigenfunctions of commuting operators can always be constructed in such a way that they
are simultaneous eigenfunctions.

4.2.2. Simultaneous Measurability of Observables

If two observables are simultaneously measurable in a particular state of a given system, then the
state function is an eigenfunction of both the operators. Two observables are said to be compatible,
if their operators have a common set of eigenfunctions. The following two theorems indicate the
connection between compatible observables and commuting operators.

Theorem 1. Operators having common set of eigenfunctions commute.

Proof. Consider operators 4 and B with the common set of eigenfunctions v, i =1, 2, ... as

Ay, = a;y,, and By, = by, (1)
Then ABy, = A(by,)=bAy,=abyy, (2)
and BAy, = Blay,)=aBy,=aby, ..(3)

Since ABy,; = BAy,, A commutes with B. Hence the result.
Theorem 2. Commuting operators have common set of eigenfunctions.
Proof. Consider two commuting operators A and B. The eigenvalue equation for 4 is

Ay, = ay, i=1,2, (1)
Operating both sides from left by B, we get
BAy, = aBy;,
Since B commutes with 4,
A(By) = a(By) )

That is, By, is an eigenfunction of 4 with the same eigenvalue a,. If 4 has only nondegenerate
cigenvalues, By, can differ from , only by a multiplicative constant, say b,

By, = by, ..(3)
In other words, v, is a simultaneous eigenfunction of both 4 and B.
Explanaton of the Two Theorems (Theorem of commutativity and simultaneity)

Theorem. If two operators A and B possess a complete set of simultaneous eigen functions,
then the operators A and B commute, i.e.,

AB = BA or AB-BA=0 or [4,B]=0.
Converse of theorem
The converse of the theorem is stated as follows:

Theorem. If two operators commute, they possess a set of simultaneous eigen functions.

4.2.3. Commutator Algebra

We list here some elementary rules for the calculation of commutators.
If 4, B, and C are three linear operators
[AsB] = 7[B5A] (1)
[4,B+C] = [4,B]+[4, C] -(2)
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[4, BC] = [4,B] C+B[A, C] (3
[4B,C] = [4, C] B+ A[B, C] (%)
[4,[B, C]] + [B,[C,A]] +[C,[4, B]]=0 (5

Now, let us simplify [4, [B, C]].
[4,[B,C]] = A[B,C]-[B,C]4
= A(BC-CB)—(BC-CB) A4
= ABC—-ACB - BCA + CBA.
(a) Commutation relation between position and momentum
(i) Letx and p, be represented as

. A _ .. 0
X—=>X,p.—> p, = —lha.

Consider a function y (x). Then

L Oy
= _jh2r
and xp oy = x(—ih a_\lfj (1)
Oox
Also p.xy = —ih i(x\;/):—ih\yﬂc —iha—\v .(2)
* Ox Ox

Eq. (1) — Eq. (2) gives,

Xp.Y—p. Xy = x —iha—w —| —ihy +x —iha—w =ihy
* ¥ ox ox

x,p] =ih ..(3)
_ . 0 _ .0
Now, P, = —zha and p, = —zhg.
We have proved the relation [x, p,] = i 7.
More generally, we have
[x.p,] = .pl=lzpl=ih (4
while all other commutators such as [x, - vanish. It follows that, for example, x and Py have
common eigenfunctions and can be measured simultaneously with arbitrary accuracy. In contrast,
since x and p, do not commute with each other, a precise simultaneous measurement of both of these
observables is impossible.

(i) [x2, pl=lx,pl=xplx+x[x,p]l=ihx+xih=2ihx.
(b) Commutation relation between Hamiltonian H and momentum p

The Hamiltonian operator for free particle is

5 n d’
H, = “om ? since potentialenergy V' =0
. . d
d = —ih—.
an Dy ih—
Consider a function v (x). Then,
L dy
= jpiY
pv =
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n d? dy )
Hpy = -2 4 [ &V
PV 2m 2 ( dx

2 2
Similarly, pHvy = —ih d{ o dy }

dx| 2m o
Solving, [H, p] = Hp —pH =0,
i.e., momentum of a free particle commutes with the Hamiltonian operator.

(¢) The commutation rules for the components of orbital angular momentum (L)

Let L, L, L, be cartesian components of L.
L, =-in (z%—x%j (D
iz = —zh(x %—yaax]
Now, [L.L])=L,L~L,L,.

Substituting operator values

- im0, 0,0 _ 0
LL, = in (yﬁz Z@yj(zéx x@zj

I
|
(3]
—
Q)
NQ)
/ﬁ\
Q)
xQ)
;/
"<
Q;
NQ)
/ﬁ\
Sy
N|Q)
N—
|
[\N]
Sy
\<|°’
7\
[N}
S
><|Q’
N
+
S
\<|Q’
7\
Sy
N|Q’
N
%,—/

Similarly,

( oV o a)
L L =~ | y——z—
y x {LZ é’z) y@z Z@yJ
- i 5 ;0,0 |_,9[, 0|, 0,9
ax “ox\%ay ) " 8zY ez ) 62\ "5y
o* o* d o*
= _j? 2 - v
{ 6x62 o 0x0y xy +x6y+xz(926y}
o o
But 5:0s  d.0x and 3yoz 320y and so on.
- _ 0 _,0
L L~-LL =I[L,L]= { Yoy ay}
Thus

. . 0 0
[Lx’Ly] = —Zh{—lh(ya—xEj}
. . 0 0
ARICt)

ihL, (2)

(L. L]
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L.,L ,L donotcommute with one another.

x> yrz
[Lx,Ly] = ihL,; [Ly,LZ] =inl.; [L,,L.]=ih L,
. . 2 .
(d) Commutation relation of L” with components L , Ly and L,

We have, L*=1}+ Ly2 +12
[L°,L]) = [+, + L2 L]
= L2+ L+ L) L~ L (L3+ L3+ L)
L’L, +L§ LA+LL —(L L2+ LxL§+LxL§)
(L)zz Lx - Lx Li) + (Lz Lx - Lx Lf)
(L2, L]+[L2L]

»x

We know that

[4B,C] = [4,C]B+A[B, (]
So, (2%, L) = [L,L,L]+[L L, L]

= [L, L)L+ L (L L)+ [L,L]L +L [L,L]

Now, [L.L] = ihL;[L,L)=~ihL;[L,L]=ihL,

[L°,L]) = (wih L) L,+ L, (~ih L)+ (ih L) L+ L, (ih L) =0.
- [LL] =0 .(1a)
Similarly, [L%,L] =0 (1 D)

L L] =0 (1¢)

Hence L* commutes with any of the three components of the angular momentum operator.
(e) Ladder operators L, and L_: Let us define the operators
L =L +ilL,andL =L —iL, (2
Commutation Relations of L_ with L, and L_

[L.L] = [L.L,+iL]=[L,L]+i[L.L]
= ih L+i(-ihL)
= inL,+hlL,
= ML, +iL]=hL, (3
and [L,L]=I[L,L — iLy]
= [Lzs Lx] —i [Lz’ Ly]
= inL,~i(-ihL)
= ihL,~hL=—h(L—iL)
- hL (@)
[[,L.]=+hL, (5)

Commutation Relation of L, and L_mutually

[L..L] = [(L,+iL), (L, ~iL)]
[LoL]-ilL,L]+ilL,L]+I[L,L)]
O0—i(inL)+i(—ihL,)+0

=nhL +hL, ...(6)
[L,L] =2hlL,
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(/) Commutation relation of orbital angular momentum with position
[L,x] = [Lx—xL]

oyl bl o5)

If w (x) is a function of x, we have

L,x—xL)y= {y(—ih %(x\u)j—z[—ih %(xw)}}—x{y(—ih z—\lzj)—z[—ih Z—‘)’jj}

=0
or [L,x]=0
Similarly,
[L.y] = ihz [L,z]=—ihy;
(L, y] = 0; (L, z]=ih x; [L,, x] =—ihz, (7)

[L,y] = —ihx;  [L,z]=0; [L,x]=ihy
Similarly, relations between L and p vectors by keeping in mind the cyclic order of the indices
are

X=>),Y—>Z,Z > X.
Thus [Lop] = 0,[L.,p)=ihp,[L,p.]=—ihp,etc.

4.2.4. Hermitian operator

Definition. An operator 4 operating on any two functions y, (x) and y,(x) is said to be
Hermitian, if it satisfies the relation

v, Ay, dx = | (4y,)y, dx (1)
J J

The integration here is over the domain in which the functions vy, (x) and v, (x) are defined.
If an operator satisfies Eq. (1) whenever v, (x) and y,(x) are normalisable, we call it Hermitian,

or self-adjoint.
Properties of Hermitian Operators

1. The eigenvalues of Hermitian operators are real.

Proof. Consider the eigenvalue equation of a Hermitian operator 4 such that

Ay, () = a9, () A1)

Multiplying Eq. (1) from left by y* and integrating with respect to x from —oo to +o0, we
have

lewZA\undx - “"LD‘VZ“’” d =a, e

When the Hermitian property of 4 is used, Eq. (2) reduces to

[ vy, ar =q,

= da
or aZI Vo, dx = a,
a* = a, ..(3)

Eqg. (3) is possible only if a,, is real.
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This proves that the eigen values of a Hermitian operator are real.

2. Eigenfunctions of a Hermitian operator that belong to distinct eigenvalues are orthogonal.
Proof: Let the Hermitian operator be 4.
Let the eigen functions be v, (x), vy, (x) with corresponding eigen values a,, a,,. That is

n “m’

A,0) = a,v, @) A1)
and Ay, (x) = a,vy, (x) ..(2)
Multiplying Eq. (1) from left by y* and integrating in the limits —oo to +oo, we get

J v, Ay, dv = anj W, v, dx
Since operator 4 is Hermitian,

j Ay, y,de = anj Vo W, dx
or amf Vo W, dx = anf Vo W, dx
or (a, —an)J:w\u; y,dx =0
Since the eigenvalues are distinct, (a,, — a,) # 0.

I_oo"’j" v, dv =0 -3

That is, y,, and v, are orthogonal.

ExAmPLE. Show that the momentum operator Egaiis Hermitian. (Purvanchal 2005)
i Ox
s h 0
oL. Momentum operator p = —-——
i ox
Ao h o
Complex conjugate of p, p*=————
i Ox

If p is hermitian operator, then in a given state vy, its average value should be real.
ie, (p)= J. 4 *— —de should bereal.
Integrating the equation by parts,

=Ly, [ B = [ w(—ﬁ.-ﬁ"’*jdx =(p*)

ox — i Ox

Since the expectation value of p is equal to the expectation value of its complex conjugate p *,
it is obvious that ( ) is real. Hence the momentum operator p is hermitian.
II Method. Prove that the operator —ihd— is Hermitian.

x
SoL. Consider the integral

©x _d
le\va (—lh aj W, dx (D)
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I use integration by parts.
Oy . od . * 0 . 0 d *
I_wwa (—lh a) Yy dx = —ih [\va v ]_w +ih J._w\Vb Ty Va dx

I throw away the boundary term (first term on the R.H.S.) for the usual reason: vy, and y, must
g0 to zero at oo,

© . .d o dy, Y
Lo"’“ (—zhajwb dx = Iw(—zh h¢ J W, dx e

Eq. (2) is the condition for the operator —ihdi to be Hermitian. Hence, the operator —ihdi is
X X

Hermitian.

4.2.5. Parity Operator
For functions of the variable x, the parity operator 7t is defined as
y(x) = y(=x)
i.e., when the wavefunction y(x) is operated by the parity operator, it gets reflected in its coordinates.
Properties of the Parity Operator

1. m-operator is a linear operator. Let the parity operator operate on wavefunctions y, and
,. Then

Ty () + Yo (0] = (=) +y,(x) = Ty (x) + Ty, (x)
Also, nCy,(x) Cy(—x)= Crny(x).

Hence 7 operator is a linear operator.

2. 7 operator is Hermitian. The scalar product of two functions y and ¢ is defined as
Gw) = ()% = [o*yde (1)

Consider the scalar product of 7ty and a function ¢ i.e.,
+00 +00
Gy, ) = [ w00 de= [y o) av

The second integral is obtained from the first by the substitution x" = —x.

Since the value of the integral is unaffected by renaming the variable of integration, we have
(7v.9) = [ w*(00(=x) dx = (v, i) )

Eq. (2) shows that 7t is a Hermitian operator.
The eigenvalues of 7t are therefore real.
3. Eigenvalues of parity operator. The eigenvalue of the 7t operator is given by
Ty = Ay. (1)
Here, A is the eigenvalue of the operator 7.
Operating Eq. (1) again by 7t operator, we have
why = &) =May) = M) =27y -(2)
From definition of parity operator

Ty(x) = y(x)
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AR y)] = ty(-x) =y()

Py(x) = y) -(3)
Comparing Egs. (2) and (3), we note that the eigen values of m-operator satisfy the equation
A o=1
or A==£1. (4

The eigenfunctions corresponding to eigenvalue A = + 1 of the parity operator are the even
functions y,, which satisfy

V() = (). .(5)
The odd functions vy, belong to the eigenvalue A = —1 and satisfy the relation
V() = —y (). -.(6)
The eigenfunctions of 7 are a complete set with respect to the class of functions of x. This is
shown by the identity
1 1
v = SIwe) +yEn)]+ Sy - w=x)] -(7)

Thus any y(x) is a linear combination of an even function of x, [y(x) + y(—x)], and an odd
function of x, [y(x) — y(—x)].

® The parity operation in three dimensions is de ined by re lecting all three axes according
to the coordinate transformation (x, y, z) — (=x, -y, —z) [Fig. 4.2].

/ y -y

Fig. 4.2

The operation is also called space inversion as the transformation changes a right-handed
system of coordinates into a left handed system.

The Parity operator ft is defined by the relation
Ty(r) = y(r).
Thus the parity operator corresponds to an inversion of the position coordinate r through the
origin.
4.2.6 Probability Density

Let v (x, #) be a normalised wave function of a particle in a given state. y (x, ) by itself is
sometimes called Probability amplitude for the position of the particle.

The product y* (x, £) v (x, ¢) is called probability density and is real and hence observable. It
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is the probability of finding the particle in unit interval of space centered about x at time ¢.
Probability density = y* (x, £) v (x, £) = |v (¥, t)|2 ..(1)
A large value of \\V\z means the strong possibility of the particle’s presence. A small value of |\|/|2
means the slight possibility of the particle’s presence. This interpretation was made by Max Born.
The probability that the particle may be found in the region between x and (x + dx) at time ¢ is
P = wyx(x, 1)y (x, ) dx (2)

The probability of finding the particle in a volume element dt = dx dy dz about any point r at
time ¢ is expressed as

P(r,f)dt = |y (r, D) dr. O\
4.2.7. Probability Current Density

Suppose v (r, 1) is the state function representing a one-particle system.
The probability that the particle is in the finite volume t is

P = I viydr (1)
T
The rate of change of this probability is
dP oy .oy
— = —_— —|d (2
di L("’atw 6tj i @
Time-dependent Schrodinger equation is
I Loy
-—V = —
o y+Vy ih P 3)
Assuming V to be real, complex conjugate of Eq. (3) is
h2 2 % * . a\U*
-——V 14 = —ih ..(4
VY ih— “4)
6\4! 1 hz 2 a\v* 1 hz 2 x *
-— = —|—-—V Vy|l,———=-——|-—=—V vV
ot ih{2m VIRV e T T am ) YT
oy' .oy in 2 % ko)
—_— -— = —|yV -y V
ar ¥ o rAA A1
ih * *
= ——V~(\I/V\I/ -y V\v)
m
We define probability current density as
. lh * *
i= ﬁ[ Vy -y V\v] -(5)
6\|1* *6\41 .
" — —|dt = —JV. d
.L(“’ ar ¥ 8t) § hax
T
Eq. (2) becomes (;—1; = —‘[ V.jdrt ...(6)
T

The volume integral can be transformed to a surface integral by Gauss’s theorem, i.e.,

dP .
= - —Djsj.ds (7

Here S is the surface enclosing the volume 1. The direction of d S is along the outward normal.
Clearly from Eq. (7), the integral of j over the surface S is the probability that the particle will cross
the surface going outwards in unit time.

From Egs. (2) and (6), %(\v* Y)+V.j=0 .(8)

This equation expresses the conservation of probability density. It is analogous to the equations
of continuity of hydrodynamics and electrodynamics.
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4.3. DERIVATION OF TIME-DEPENDENT FORM OF SCHRODINGER

EQUATION

The quantity that characterises the de Broglie waves is called the wave function. It is denoted by . It may
be a complex function. Let us assume that v is specified in the x direction by

W — Aefiu)(tfx/v) .“(1)
If v is the frequency, then ® = 2nv and v = VA.

\ll — Ae 2mi(vt—x/\) “.(2)
Let E be the total energy and p the momentum of the particle.

Then,v=%andk=£.

P
Making these substitutions in Eq. (2),

v = Ae—(Zm’/h)(Et—px)

\If — Ae—([/h)(Et—px) .(3)
Eq. (3) is a mathematical description of the wave equivalent of an

unrestricted particle of total energy £ and momentum p moving in the
+x direction.

Differentiating Eq. (3) twice with respect to x, we get

oy PP
w e
o’y
2 2
= —h"— ..(4)
v o
Differentiating Eq. (3) once with respect to ¢, we get
v _ _iE
ot n
h oy
Ey = —— (5
v =5 )

At speeds small compared with that of light, the total energy E of a particle is the sum of its
kinetic energy p2/2m and its potential energy V. V'is in general a function of position x and time ¢.
2
E=2 ,p .(6)
m

Multiplying both sides of Eq. (6) by W, we get
p hd +V

Substituting the expressions for £y and pz\v from Egs. (5) and (4) into Eq. (7), we obtain
2 gy
i ot 2m ax
e,s n? 82\4/
or ih— = ———+V (8
or om o ®)

Eq. (8) is the time-dependent form of Schrddinger’s equation in one dimension.
In three dimensions, the time—dependent form of Schrddinger’s equation is
2 2 2
a0 - P[Py Py Py,
ot ox? 6y az
Here, the particle’s potential energy V is some function of x, y, z, and .
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Schrodinger’s equation : Steady-state form — Time independent Schrodinger equation

In a great many situations, the potential energy of a particle does not depend upon time explicitly.
The forces that act upon it, and hence V, vary with the position of the particle only. When this is true,
Schrddinger’s equation may be simplified by removing all reference to ¢.

The one-dimensional wave function y of an unrestricted particle may be written in the form

v = Lo UM Ei=px) g ,~GEIM) ,+(ip/h)x

—(E/h

y o= y,e EmI (1)

Here, y,= Ae . That is, y is the product of a position dependent function y,and a time-
~(E/M) 1

dependent function e

+ (ip/h) x

Differentiating Eq. (1) with respect to ¢, we get

ot h
Differentiating Eq. (1) twice with respect to x, we get

0 iE
N = By, e Em (2)

o’y _ 0%y, o GEI)! ..(3)

o’ o’

We can substitute these values in the time-dependent form of Schrddinger’s equation

2 A2
AL a_‘;’ +Vy
ot 2m Ox
2
Ey e WM = _ o 5_\|/20 U 4y oMY
2m ox
Dividing through by the common exponential factor, we get
Oy, 2m
o ETD v =0 (4
o 72 ) Vo 4)

Eq. (4) is the steady-state form of Schrodinger s equation.
In three dimensions, it is

2m
vy, HT(E-V)yy =0 (5
Usually it is written in the form
2m
V2\u+h—2(E—V)\u =0

Steady-state form of Schrédinger’s equation in three dimensions is
62\41 62\4/ 62\4/ 2m

+ + — (E-V)y =0
o? @yt ot W v

Eigenvalues and Eigenfunctions

The values of energy £, for which Schrédinger’s steady-state equation can be solved are called
eigenvalues. The corresponding wave functions v, are called eigenfunctions.

Degeneracy. If there is more than one linearly independent wave function belonging to the same
energy eigenvalue E, the energy level is said to be degenerate. If there are g linearly independent
wave functions (y,, y,, ... ,)) belonging to the same energy state, then the energy level is said to be
g-fold degenerate.
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The degree of degeneracy is defined as the number of linearly independent eigen functions
corresponding to the same eigen value.

Operator for Momentum

The wave function for a free particle moving in the positive x-direction is
v (x, 1) = AP ED (1)
Differentiating Eq. (1) with respect to x, we get

8_\y A(i)p M (pex—E) =ip v
h X X

Ox h
or E@ =PV
i Ox
., 0
—ih—y =p.y -(2)
Ox
Evidently the dynamical quantity p, in some sense corresponds to the differential operator
il
Ox

We denote operators by using a caret.

f?x is the operator that corresponds to x-component of the momentum p ..

From Eq. (2), for the x-component of the momentum, the operator is

. 0
= _jhi— .3
Py o )
The operator representation of p is
p = —ihVv ..(4)

To obtain the expectation value of the momentum p_
The expectation value of p, is found by using the corresponding differential operator.

- ot .0
po> = [ wrGn| —in—|y(x 0 dv

8.1.1. Properties of the Wave Function
Physical significance of v

® By applying Schrodinger’s equation to the motion of a particle, we get the wave function y.
The future course of the particle’s motion—Iike its initial state—is a matter of probabilities
instead of certainties.

® The quantity whose variations make up matter waves is called the wave function, Y. This
function can be either real or complex.

The wave function YV itself, however, has no direct physical significance.

® The only quantity having a physical meaning is the square of its magnitude P = [y|* = yy*.
Here, y* is the complex conjugate of .
The quantity P is the probability density.

° \‘I’|2, the square of the absolute value of the wave function, is called probability density.

The probability of experimentally finding the body described by the wave function ¥ at the
point x, y, z at the time ¢ is proportional to the value of |‘I’|2 there at 7.

A large value of [¥|* means the strong possibility of the body’s presence.
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A small value of [¥|> means the slight possibility of its presence.
This interpretation was made by Max Born.
® The probability of finding a particle in a volume dx dy dz is |\|1|2 dx dy dz.
® The particle is certainly to be found somewhere in space.
Tyl dx.dy.dz = 1.

The triple integral extends over all possible values of x, y, z.
A wave function () satisfying this relation is called a normalised wave function.
Orthogonal wave function

If the product of a function y, (x) and the complex conjugate y,* (x) of a function , (x)
vanishes when integrated with respect to x over the interval ¢ < x < b, that is, if

b
[ * @ vy (0 dx =0,

then y, (x) and y, (x) are said to be orthogonal in the interval (a, b).
Normalised wave function
The probability of finding a particle in the volume element dV is given by yy* dV.
The total probability of finding the particle in the entire space is unity, i.e.,
fyysdl = flyldv=1.
Here, the integration extends over all space.
Any wave function satisfying the above equation is said to be normalised.

Very often  is not a normalized wave function. We know that it is possible to multiply y by a
constant 4, to give a new wave function, Ay, which is also a solution of the wave equation. Now the
problem is to choose the proper value of 4 such that the new wave function is a normalized function.
In order that it is a normalized function, it must meet the requirement

[(Ay)* Ay dx dy dz = 1
or, AP fpy*dx dy dz = 1

or AP =

1
Twy * dx dy dz
|| is called normalizing constant.

Orthonormal functions. The functions which are orthogonal and also normalised are called
orthonormal functions.

Requirements of wave function

To arrive at results consistent with physical observations, several additional requirements are
imposed on the wave function y (x):

1. It must be well behaved, that is, single-valued and continuous everywhere.

2. If y, (%), ...y, (x) are solutions of Schrédinger equation, then the linear combination
Vv (x)=a, y, (x) +a,y, (x) +...a,y, (x) must be a solution.

3. The wave function y (x) must approach zero as x —>to
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UNIT V

APPLICATIONS OF
SCHRODINGER
EQUATION

Particle in a one-dimensional box — Particle in a rectangular three-
dimensional box. Simple harmonic oscillator — One dimensional
simple harmonic oscillator in quantum mechanics — zero-point energy.
Reflection at step potential — Transmission across a potential barrier —
Barrier Penetration (tunnelling effect).
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APPLICATIONS OF SCHRODINGER’S EQUATION

SWEN THE FREE PARTICLE

A free particle is defined as one which is subject to no forces of any kind, and so, moves in a
region of constant potential. The particle motion is confined to the x-axis only. We shall consider the
potential to be zero, V'=0.

The time-independent Schrédinger equation becomes

d’y  2mE
+ y =0 (1)
ax*
Define a quantity £k, called the wave number, by
2mE
k = ;”2 (2
2
d Yiky =0 W)
dx
The solution of Eq. (3) is
y=Ade* +Be M (%)
Letus set B=0. Then
y =A™ ..(5)
Eq. (5) describes a particle moving in the positive x-direction.
A problem appears in normalising the wave function. We ought to have
J. \V*wdx = 4 J. dx =1 ...(6)

o0
J. dx is infinite. So A must be zero. This difficulty arises since we are considering an ideal
—00

case of infinite length. In practice, the particle is confined to a finite length so that normalisation is
possible.

The probability density for the particle is \u* Y= A%, a constant independent of x. Consequently,
the particle is equally likely to be found anywhere. So we have an infinite amount of uncertainty in
its position, i.e., Ax = 0. According to the expression A p A x > /2, A p must be zero.

Let us prove this.
<p> = J.OO \V*(—ihaijwdx:hkjw vEydx =hk
—0 X —00

Notice that < p > is positive, meaning that our particle has a momentum of exactly 7k and is
moving toward the right.
2

0 % a o0 "
<p2 > = I_w 7 (—hz)ax—z\udx = —n? <_k2),[_w yoydx
2 (Ap) =<p’>-<p>?=0-
Thus the momentum of the particle is precisely defined.

Note that for the particle in a square well, the energy is quantised. But for the free particle, there
is no such restriction on the energy. Generally, bound systems (such as electrons trapped in an atom)
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will give rise to discrete energy levels. Unbound systems (such as two atoms that collide) will give
rise to an energy continuum.

KW THE PARTICLE IN A BOX: INFINITE SQUARE WELL POTENTIAL

Consider a particle moving inside a box along the x-direction. The particle is bouncing back
and forth between the walls of the box. The box has insurmountable potential barriers at x = 0
and x = L. i.e., the box is supposed to have walls of infinite height at x = 0 and x = L (Fig. 5.1).
The particle has a mass m and its position x at any instant is given by 0 <x < L.

The potential energy V of the particle is infinite on both sides of the box. The potential energy
V of the particle can be assumed to be zero between x =0 and x = L.

In terms of the boundary conditions imposed by the problem,
the potential function is D B

V=0forO<x<L
V = cwforx<0
V = cwoforx>L

The particle cannot exist outside the box and so its wave
function y is 0 for x < 0 and x > L. Our task is to find what v is
within the box, viz., between x =0 and x = L.

0
'

Within the box, the Schrédinger’s equation becomes

d*y  2m B

The general solution of this equation is

Yy = Asin X+ B cos

\/2;:1—E x .2 g L
A and B are constants to be evaluated. Fig. 5.1
The boundary conditions are used to evaluate the constants 4 and B in Eq. (2).
(i) w=0atx=0.Hence B=0.
(if) y=0atx=L.
y will be 0 at x = L only when

2mE

h

From Eq. (3) it is clear that the energy of the particle can have only certain values, which are
the eigen values.

L = nn n=1,2,3,.. ..(3)

These eigenvalues are found by solving Eq. (3) for E,,.
2242
= % n=1,2,3, .. (&)
2mL
For each value of n, there is an energy level. Each value of £, is called an eigenvalue. Thus
inside the box, the particle can only have the discrete energy values specified by Eq. (2). Note also
that the particle cannot have zero energy.
Wave Functions

The wave functions of a particle in a box whose energies are £, are, from Eq. (2) with B=0.

\2mE,
hi

y, = Asin X (5
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Substituting Eq. (4) for £, gives
. nTX
= Asin— ...(6
v, i ©)
v, are the eigenfunctions corresponding to the energy eigenvalues E,,.

Evaluation of 4 and Normalization of the Wave Function
It is certain that the particle is somewhere inside the box. Hence for a normalised wave function

L L
jw*w dx = lie., A* Isinz (ﬂj dx =1
0 0 L

L
ie., A? J(M) dc =1 or Azézl

or A—\/z
L

The normalized wave functions of the particle are

2 . nmx
= ,|[— sin — n=1,2,3, .. (7
W, \E I (7

The normalised wave functionsy,, y,, and y, together with the probability densitiesumz, |
\|/2\2, and |\u3|2 are plotted in Fig. 5.2.

2
Vs (W3l
n=3
\/ N N
2
A (ol
=2
n N
2
Vi [l
n=1
x=0 (a) x=L x=0 (b) x=L
Fig. 5.2

EXAMPLE 1. Calculate the permitted energy levels of an electron, in a box 1 A wide.
SoL. Here, m = mass of the electron =9.1 x 107! kg; L=1A= 1071 m, E =7
n’rn*n?
2ml?
_ n’n (1,054 x 1074
T 2(9.1x107°) (10719)?
The minimum energy, the electron can have, is £, = 38 eV, corresponding to n = 1.
The other values of energy are £, = 4E, =152 eV, E; = 9E, = 342 e} and so on.

.. The permitted electron energies = E, =

=6 x 1078 n* J=138n" eV.
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EXAMPLE 2. Calculate the expectation value <p > of the momentum of a particle trapped in a
one-dimensional box.

SoL. The normalized wave functions of the particle are

. _ 2 nmx
V" T WY = ZSIHT

dvy 2 (nm nTX
dx L\ L L
© . d
Now, <p> = J.\y* —ih— |y dx
dx
nm 't
= —ih——|sin cos — dx
L
0
=0

The expectation value <p > of the particle’s momentum is 0.

EXAMPLE 3. Find the expectation value <x> of the position of a particle trapped in a box L
wide.

SoL. <x>

Il
—

=

<
o

&

Il
~o
S —y

=

=z

=

[\S]

QU

4 4nm/L 8(nm/L)>

2() L
<x> —_ | — | =—.
L\ 4 2
This result means that the average position of the particle is the middle of the box in all quantum
states.

L
2 |:x2 xsin(2nmx/L)  cos (2nnx/L)}
0

EXAMPLE 4. Verify the orthogonal property of wave functions of a particle in a one dimensional
box.

SoL.The wave functions of a particle in one dimensional box are

x) = \/zsmﬂ
Wi L L

L
v (W, (x)dx
0

t[2 . nme [2 . mux 1%
LHS = I —sin—,|—sin——dx = —I(Zmn—sm—nxjdx
0 L L VL L L0 L

1 L[ T nx}
= — —m)— — +m)— |dx
L{‘; cos(n —m) 7 cos(n + m) 7

We want to verify

0 for n # m.

L.H.S = 0. Hence verified.
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SIIN FINITE SQUARE POTENTIAL WELL

Fig. 5.3 shows a square potential well of width
L. Consider a particle with energy £ moving along Energy
the x-axis. The energy E of the trapped particle is
less than the height U of the barriers. Schrodinger’s
steady-state equation for regions / and /I] is
d? U}
dx?

P a— = L
2m(U—-E) X 0 +X
Put _—

. =a ~(1) Fig. 5.3

2
+h—T(E—U)\y =0

A
\
x

dz\y

dx?
The solutions to Eq. (2) are :
Yy, =Ae"+Be ™ ..(3)
V= Ce®"+De™ (4
For y to remain finite as x — + o, we must have B =0 and C = 0.
vy, = Ae* .(5)
yy =De™ ..(6)
These wave functions decrease exponentially inside the barriers at the sides of the well.

—a*y=0x<0,x>L, (2

Schrédinger’s equation for region /7 is

d? v, 2mE
d? n

The solution of Eq. (7) is

y =0 (7

2mE

y,; = Fsin x+Gcos

x (8

At the boundaries x = 0 and x = L, the wave functions inside and outside must have the same
value and the same slope.

N2mE
h

dvy dvy

_ o _ 4V _
v, = y;and o o atx = 0.
dvy dvy
v, = W and dx” :7’”atx =L
These conditions when applied to Egs. (5), (6) and (8) yield the following relations :
G=4 ..(9)
F Vz;l”E = Aa .(10)
FsinX2E 14 G cos z;lnE L=De (1)
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/] /) /] /]
Egs. (9) and (10) give
n
F= Ga ..(13
2mE (13)
Eq. (13) together with Egs. (11) and (12) yields
tan N2mE ] = 2a(\N2mE | #)
h (ZmE 2)
2
V2mE ) _ 2JEU-E)
tan 7 L = W (14)

Only those values of £ which satisfy this relation are the allowed energy states. Thus the energy
is quantised. The allowed energy values are found by numerical or graphical methods.

The wave functions for the first three allowed energy values and the corresponding
probability densities for finding the particle at different locations are shown in Figure 5.4 (a)
and (b) respectively. The particle has a certain probability of being found outside the wall.

Vs F\ /-\ N |W3J7 W\
N

Y, /_\ |‘|/2|2 /\/\\

v, T Iyl N

(a) (b)
Fig. 5.4

WAl RECTANGULAR POTENTIAL WELL

A one dimensional rectangular potential well is defined by
0 (x<0),
x) = -V, (0<x<a), (D)
0 (x>a),

Vo, , the depth of the well, is a positive number
(Fig. 5.5). When total energy of the particle is negative ' i i
(= V, < E<0), the particle is confined to the well and forms
bound states. m is the mass of the particle.

The Schrédinger equation for the three regions are Fig. 5.5
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d? d?
CW L 2ZmE = 0or SV 92y, =0 (x<0)
dx h dx
d*y, 2m(E+V,) d* vy
+ =0 or —2+k* =0 (0<x<a
dx2 hz \5) a’x2 \VZ ( )
d2 V3 2mE d2 Y3 2
+=—vy; = 0 or -Ay; =0 (x>a)
R x> ’

- E
Here, A= ZTE and k= /L;VO)
h h

The solutions of the Schrodinger equation outside the potential well are now ¢ *and e **. Here
A is real. When x — o, ¢"* is not bounded. Hence it must not appear in y for x > a. Similarly, y must
not contain ¢ ** for x < 0.

The (unnormalised) wave functions are
A X

y, = e (x<0),
y, = AeF +Be 1k (0<x<a)
y, = Ce ™ (x> a) (2

The continuity of v and dy/dx at x = 0 and x = a require that
Y, = y,atx=0

dy, _ dvy, _
I o atx =0

Y, = yzatx=a

d
Yo Vs atx =a
dx dx
These conditions give four relations between the three constants 4, B, C.
1=A4+8B
A=1ik(A-B)
Ce*}\.a :Aeikll_i_Be*ika
A Cet =ik —Be ik ..3)
These equations will give a unique solution, only if
k A
2cotka = ——= ..(4
cotka Tk 4)

This is a transcendental equation in k.

If this condition is satisfied, the solution is

1 A 1(k AN e .
4 = B* = —| 1—; 2 == 242
2( lk),(: 2(k+k)e sinka %)
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To solve Eq. (4) graphically, introduce the quantities

/2 V. a®
'Y = —m ;)a , o :k—a: 1-|—£ ...(6)
h v N W

Then Eq. (4) can be expressed as
yo=m-1)n+2cos 'a,(n=1,2,..) A7)
Fig. 5.6 illustrates this relation graphically for the two cases y = 1, 4. The abscissae of the

points of intersection (denoted by dots) of the two graphs give the energies of the
corresponding states according to the formula

E=-V,(1-d% (8)
2n e el _
» i 2eog~1
L y=4
g
L 2cos'a
L r=1
1 1 1 o
0 02 04 06 08 1.0
Fig. 5.6
The number of states for a given well depth is clearly E4 y=1 y=4
the greatest integer contained in the quantity (y/m + 1). This continuum
o . 0
quantity increases as ¥, is made larger. The values of £ — n=1 n=o
corresponding to the stationary states decreases as the well 2ma® ) v _ 1
. o=
depth increases. A new level appears at zero energy each #2 —n=1
time y assumes the value n m. Energy-level diagrams for oma2
the two cases of Fig. 5.6 are drawn in Fig. 5.7. n is the [ 72 ]V": 16
quantum number ranking the energy levels in increasing
order. Fig. 5.7
Substituting the values of 4, B and C from Eq. (5) in
Eq. (2), Y, = e ko (x<0),
vy, = lsin[k(x—%j+%} (0<x<a),
o
vy = (1) e M (x> a) -9

y is zero at x = oo and at (n — 1) points within the region 0 < x < a. So the total number of zeros
of y is n + 1. The wave function for n =5 is shown in Fig. 5.8.

A v

ANV /\a\=X
VARV

Fig. 5.8
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For an infinitely deep potential well, the straight line of Fig. 8.6 approaches the vertical axis.
The points of intersection approach the values

ka=nn n=1,2,..) ...(10)
Hence the energy levels are
2,2 2232
Wkl nnth a1
2m 2ma*

For E > 0, well behaved solutions can be obtained for all values of E. So the energy spectrum is
a continuum in this case.

BN THE SQUARE WELL IN THREE DIMENSIONS

Consider a particle of mass m which is restricted to move in a box y
with sides a, b and ¢ (Fig. 5.9). The potential function V (x, y, z)
is having a constant value of zero in the regions given as follows : b
Vix,y,z) = 0, 0<x<a,
Vx,y,z) = 0, 0<y<b,
Vix,y,z) =0, 0<z<e. 9= X
The potential outside the box is infinite. c @

The Schrodinger time independent wave equation for the particle  z
inside the box is given by Fig. 5.9

2 2 2
0 \;/Jr@ \5+8 \;j 2sz
ox~ 0y~ 0z h

y =0 (1)

Let us solve this equation by the method of separation of variables. Assume that the function
can be written as a product of three functions, X, Y, and Z. Each function depends on only one of the

coordinates.
V2 =X YW Z@)=XYZ (2
2 2 2
OV - xyzlY xy Y xyz
Ox oy oz

Substituting this in Eq. (2) and dividing by XYZ, we get
A L2 2Ry ..(3)

We notice that each term of this equation depends on a different variable and that the three
variables are independent. The last term is constant. The only way for the equation to remain valid
for all values of x, y, and z in our interval is for each term of Eq. (3) to be constant. Therefore

2 SN S S - A
’Y_B’Z_’Y

X
where o, B and y are constants. o + [32 + yz =2m E/l*

These equations can be written as

2
ddxf +a?X =0 (@)
a’y

e Y =0 (5)
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d*z
dz*
The general solutions of (4), (5) and (6) are given by
X = A;sinax+ B, cosax
Y = A4,sinBy+B,cos Py
Z = Aysinyz+Bycosyz
Values of the constants 4, 4,, A;, B,, B,, B, can be found by applying boundary conditions. The
boundary conditions require that the wave function vanishes at the box walls where the potential is
infinite, i.e.,

+y*Z =0 ..(6)

v (0,2,2) = ¥ (5 0,2) =y (x.7,0=0 A7)
W (@.2.2) = ¥ (5 0,2) =y (x,7,¢) =0 ~(8)
Applying boundary conditions (7) to the above equations,
B =B,=B;,=0
Applying boundary conditions (8) to the above equations
sinova = 0,i. e,aa=n mora=nma
sinfpb = 0,ie, Pb=n,morp=nmnb
sinyc = 0,i.e, yc=n,mory =nmn/c
Here n,, n, n, are integers of which none is equal to zero.
n,mx

X = A, sin -(9)
n,mn
Y = 4,sin—= Y (10)
Z = dysin22"Z (1)
Substituting these values in Eq. (2), we get
n,m
y(x,y,z) = A A, Aysin T Gin yb Y sin 2272
c
n,m
— Asin "L gjp 2 ysin e
a b c
In the above equation A is the normalisation constant.
A can be found by using the normalisation condition
a pb pc %
J' j J' wv didydz = 1 (12)
0 Jo Jo
b n,mn
A2Ia J IC sin? 2T Gp2 Y Y sin? 222 dxdydz =1
0odoJo a b c
2abc
222
or A= 22 ..(13)
J(abc)
The normalised wave function is
n,mn
W,y 7) = 22 o memx g Y (14)
J@abo) a b c
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We have ol +pr+y’ = 2m EIR?
n§n2+nyﬂ nz27:2 _ 2mE
a’ b & n?
B L
Enxnynz - om a_2+b_2+c_ (15)

Let us examine the case in which the particle is confined in a cubical region. Then a = b =c. The
energy levels of Eq. (15) become

P
Ecube - zmaz (nx+ny+nz) (16)
The ground state energy value is obtained by putting
n,=n,=n= 1
3n’ 1’
E, = —F (17)
t 2ma?

There is only one set of quantum numbers that gives this energy state, and this level is said to
be non-degenerate.

There are three possibilities for the first excited state :

n,=2 n,=n,= 1
n, = 2 n.=n=1
n, =2 n,=n,= 1
37 R
Eyy = Ep =E),= > -(18)
ma
STATES n,, n,, n,
14— P =6(321),(132),(213),(312),(231),(123)
12— P=1(222)
1Hf————— P =3(311),(131),(113)
ome? E p———— P =3(221),(122),(212)
n2h2
6 ——— P =3(211),(121),(112)
S——— P=1(11)
0
Fig. 5.10

Here there are three sets (211), (121) and (112) of the quantum numbers 7, n, and #_ that will
give the same energy level. That is, several distinct quantum states possess the same energy.
This property is called degeneracy. In this particular case, the level is triply degenerate. Fig. 5.10
shows energy levels, degree of degeneracy and quantum numbers of a particle in a cubical box.

Eq. (15) indicates that the energy values of a particle in an infinitely deep potential well are not
continuous but discrete. The particle has different bound states inside the well.
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5.6 LINEAR HARMONIC OSCILLATOR

Consider a particle executing simple harmonic motion along the x direction (Fig. 5.11).

Equilibrium position x =0

Mass m

Stretched spring

5 X
Force constant k = mo < >
o = VkIm
Fig. 5.11

Let & be the restoring force per unit displacement.

X
The P.E. of the particle = j fovdx =12k,x2.
0

The Schrédinger equation for the harmonic oscillator is
dZ\V 2m 1 zj
—+—| E——kx =0 (1
PR ( 2 Y M

It is convenient to simplify Eq. (1) by introducing the dimensionless quantities

1 12 2nmv
y= (%MJ x:‘/ P -(2)

and o = 2E |m _2E ..(3)
h Nk hv
where v is the classical frequency of the oscillation given by
1 [k
v=—,—.
2n \'m

In terms of y and a, Schrédinger’s equation becomes

d>
Y @y =0 (4
dy

To solve this equation, a solution of the form below can be tried:

.2
v = f(e”? (5)
Here, f'() is a function of y that remains to be found.
By inserting the y of Eq. (5) in Eq. (4) we obtain
2
&Ly

E E+(a—1)f = 0. ..(6)
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which is the differential equation that / obeys.
Writing (o — 1) = 2n, Eq. (6) becomes,
2
%—Zy £+2nf = 0. (7
dy dy
This is a standard mathematical equation known as Hermite’s equation.

The solutions of Eq. (7) are called Hermite’s Polynomials, given by

n

HO) = f() = (1) exp y* L [exp(y?)] (8)

n

The eigen functions of harmonic oscillator, therefore, are the following:

v, = NH, (y)exp(-y*/2) (9)

Here, N is a normalisation constant.

Energy Levels. The eigen values (permitted values I
of the total energy) are given by,
11/2 hv\ /Es
E, = (n+lj hv, n=0,1,2,3, ..(10) 9/2 hv / Es
2 7/2 hy E
\ L
The energy of a harmonic oscillator is thus quantised 5/2 hv E,
in steps of iv. The energy levels here are evenly spaced 3/2 hy E,
(Fig. 5.12). 12 E,
1 >
Zero-point energy. When n =0, £ = Ehv . o x
Fig. 5.12

This is the lowest value of energy the oscillator can
have. This value is called the zero point energy.

Wave Functions. Each wave function y, consists of a polynomial H,(y) (called a Hermite

2

-y

polynomial), the exponential factor e 2 and a numerical coefficient which is needed for v, to

meet the normalisation condition

[lw,Pdy =1 n=0.12,. (1)

—00

The general formula for the nth wave function is

2mv 1/4 )
v, = [ - Zn] @"n) " H, (e -(12)

T T T

T T

| | | | | |

| | |

Yo 1 Wi 1 1 V. | &} :
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The first four Hermite polynomials H, (y) are listed in Table 8.1. The corresponding
wave functions are plotted in Fig. 5.13. The vertical lines show the limits —4 and +4 between
which a

classical oscillator with the same energy would vibrate.

n H, (y) E,
0 1 1
2
1 2y 2y
2
2 47 -2 S
3 8y — 12y %hv

HREE DIMENSIONAL HARMONIC OSCILLATOR—(SPHERICALLY
SYMMETRIC CASE)

A three dimensional harmonic oscillator consists of a particle bound to origin by a force
proportional to the displacement  from the fixed point, i.e.,
F = —kr
Here, £ is force constant.
We consider the special case in which frequency of oscillator along three axes X, Y and Z are
same, i.e.,
v, = vy;v —v(say) ,
k = mo —m(27cv) =47° v m. (1)
Potentlal energy of oscillator assuming zero potential energy at » =0 is

V= ~[Fdr=[krar- Ekrz

But s =x2+y2+22
V() = %krz =%k(x2+y2+zz).

The Schrodinger equation for this system is
O’y 62\|/+8 v Zm[

o i S &

2 2
Ox Oy oz W \nh
|:T—5\/>(x +y +z ):|\l/:0
2 2
1 {6 \y+6 \|/+6 \u}

mk | ox* o o
Fe)
+{2 /%E— /’;‘—f(x2+y2+zz)}q;=o L0
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SR POTENTIAL STEP

The potential function of a potential step is defined by
Vix) =0 x<0
=V, x>0 (D)

Let electrons of energy E move from left to right,

i.e., along the positive direction of x-axis (Fig. 5.14). It is I:{/egio_nol Y
desired to find the eigenfunction solutions of the time- &, U T Region |l
independent Schrodinger equation Incident

) particles V,
d 2m
Y+ E-y =0 -2) \ /\ /\ il
dx h (o) X
. _ L U —— Potential
For I region V (x) = 0. Therefore, the Schrodinger Real part of
equation takes the form y(x) when E <V,
2
&y 2mE 3) Fig. 5.14
dx h
The solution of Eq. (3) is
y, = AeP¥ 4 peTinix/h ..(4)

where 4 and B are constants.

P, = @2mE).
Some particles may be reflected by the potential barrier and some transmitted. The first and
second terms respectively represent the incident and reflected particles.
The Schrodinger wave equation for II region is

dz\u 2m

dx2 + h_z (E_V()) v 0 (5)

The solution of Eq. (5) is
y, = CeP'" 1 pe ..(6)
where p, = /[2m(E-V})]; Cand Dare constants.

In Eq. (6), the first term represents the transmitted wave. The second term represents a wave
coming from + oo in the negative direction. Clearly for x > 0 no particles can flow to the left and D
must be zero. Therefore, Eq. (6) becomes

g, = CePh (7
The continuity of y implies that y, =y, atx =0
: A+B = C. .(8)
The continuity of v implies that M = v, atx=0.
dx dx dx
. p,A-B) = p,C ..(9)
Solving (8) and (9) we get
g=2"Py .(10)
bt
2p,
and C=———4 (11)
Ptp
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B and C represents the amplitudes of reflected and transmitted beams respectively in terms of the
amplitude of the incident wave.

The reflectance and the transmittance at the potential discontinuity may be defined as follows:

magnitude of reflected current
Reflectance R = £

magnitude of incident current

. magnitude of transmitted current
Transmittance 7 =

magnitude of incident current
Two cases may arise : (i) £> V, and (ii) E<V
Case (i): £> V. When E >V, p, = /[2m(E-V,)] is real.

We will now derive expressions for the current density in the I and II regions.
The probability current is defined as

h * "
J = — [y Vy-yVy ] -(12)
2im
h « dy, dy,
J), = _
o 2im |:W U dx Vi dx

= ﬁ H(A*eiplx/h +B*ei[’1x/h) « (%) (Aeiplxm _ Be ip¥/h )}
_{(Aeiplx/h + Be—iplx/h) % (_ %j(A*eiplx/h _B*eiplx/h )}:|

AA* - B*B
P )zﬂ[mﬁ - B[] (13)
m m

From the above relation it is evident that the current in the I region is equal to the difference
between two terms. The first term which is proportional to p, |A]? represents the incident wave. The
second term which is proportional to p, |B|? represents the reflected wave.

The probability current
o = |ap & .(14)
of the incident beam m
The probability current
P Y - |BP & (15)
of the reflected beam m

The expression for the probability current in region II is

h dy, v
Iy = |y, Y2y, GV
S 2im {Wz dx V2 dx

i C *efipzx/h [ﬂj Ceipzx/h

2im h

_{Cetp2x/h [_lp_2J C *e—ipzx/h }j|
h
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= P2 1ccwy co¥)= 22 (oo
2m m

2
|CI" p,
m

Eq. (16) represents the transmitted current.

magnitude of reflected current

R =
magnitude of incident current

| BF (p/m)
| A[ (py/m)
2
R = M from Eq. (10)
(p1+p2)

magnitude of transmitted current
magnitude of incident current

_ICF (py/m)
| AP (p/m)

2
= (ij x £2 from Eq. (11)
pPitp P

_ 4pip,
(P1 + D )2

Case (ii). £ <V,. When E <V, p, = \J[2m(E —V,)] is imaginary.

Hence p, =i2m(Vy — E)] and p, = —i2m(Vy—E)] = - p,.

The probability current in this case is given by

nl o dy, d\V;
J = — Zv2
Y 2im _\lfz dc 7 dx
_ i C*eft‘p;x/h lp_2 Ceipzx/h _Ceipzx/h _ip_z C*e—ip;x/h
2im h h

Substituting p,* = —p, we get,

h

=0

o 2im |

C*eipzx/h (ip_ZJCeipzx/h _ CC*(ZP_ZJ eipzx/heipzx/h:|
h h

Thus the transmitted current is zero.

magnitude of transmitted current

=0

magnitude of incident current

T=
o T=0
By definition, R + T=1
: R=1

.(16)

(17)

.(18)

..(19)

.(20)
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M THE BARRIER PENETRATION PROBLEM

Consider a beam of particles of kinetic energy E incident from the left on a potential barrier
of height V" and width O4 = L (Fig. 5.15). V"> E and on both sides of the barrier, /= 0, which
means that no forces act upon the particles there. This potential is described by

V=0forx<0 (region I)
V=Vfor0<x<L (regionII)
V=0forx>L (region IIT) (1)
Let y,, y,, and y; be the respective wave functions in regions I, 1I and III as indicated in the
figure.
_A
X
V=0 T >
€3 v=v
)
Incident + reflected wave £ § 7}
\Y V=0
\ Transmitted wave
SR Sy N U Y S HY A e I\ NP0 VY00 VY00 NUUREREN
?
E
+ Y Y2 v Y3 >x
Of¢—— L —»|A i
x=0 x=L
Fig. 5.15
The corresponding Schrodinger equations are
2
. 2mE .
region I d \51 + 1712 Y, =0 sinceV =0
dx 7
. d*y, 2m
region II 2L (E-V)y, =0 (- V=V)
g dxz hz ( v, (
2
region 11 d—\z’%@ y;=0 (- V=0 -(2)
dx h
Put 2sz =a? and 2—’;’(V—E): Bz.
n n
Then the equations become
. d’
region I “2}1 +0L2\|/1 =0
dx
. d 2\|/2 2
region I —5=—By,=0 .(3)
dx
. d 2\|/3 2
region I > tay; =0
dx
The solutions to these equations are
region | Y, = de"™ + Be ™™
region II v, = Fe P+ GeP (4
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region Il Y, = Ce™ + De™™
where the constants 4, B and so on are the amplitudes of the corresponding components of each
wave. They may be recognized as follows:

A is the amplitude of the wave, incident on the barrier from the left,

B is the amplitude of the reflected wave in region I,

F is the amplitude of the wave, penetrating the barrier in region II,

G is the amplitude of the reflected wave (from the surface at 4) in region II,

C is the amplitude of the transmitted wave, in region III, and

D is the amplitude of a (nonexistent) reflected wave, in region II1.

It should be noted that we have drawn the wave function through the three regions in Fig. 8.12
so that it is continuous and singly valued everywhere along the x-axis.

Since the probability density associated with a wave function is proportional to the square of the
amplitude of that function, we can define the barrier transmission coefficient as

2
r-lct ©
and a reflection coefficient for the barrier surface at x = 0 as
2
R = : i 3 ...(6)

If the barrier is high, compared to the total energy of the particle, or is thick compared to the
wavelength of the wave function, then the transmission coefficient becomes

T ~ 165(1—5}@ [—%sz (V—E)} (7

2
| y :2 is also called the ‘penetrability’ of

the barrier. It represents the probability that a particle incident on the barrier from one side will
appear on the other side. Such a probability is zero classically, but a finite quantity in quantum
mechanics. We thus conclude that if a particle with energy £ is incident on a thin energy barrier of
height greater than E, there is a finite probability of the particle penetrating the barrier. This
phenomenon is called the tunnel effect. This effect was used by George Gamow in 1928 to explain
the process of a-decay exhibited by radioactive nuclei.

where L is the physical thickness of the barrier. The ratio

EXAMPLE. The potential barrier problem is a good approximation to the problem of an electron
trapped inside but near the surface of a metal. Calculate the probability of transmission that a 1.0
eV electron will penetrate a potential barrier of 4.0 eV when the barrier width is 2.0 A.

SoL. From equation (7), the transmission coefficient is
1.0eV
T~ 16 e - 1.0eV
4.0elV 4.0eV
% exp 2x2x 107"%m
1.05 x 107* Js

J200.1x 107 kg) (4-1) (1.6 x 107°.7)

~ 0.084
Thus, only about eight 1.0 eV electrons, out of every hundred, penetrate the barrier.
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Calculation of Transmission Coefficient T

The arbitrary constants 4, B, F, G and C are found from the boundary conditions at x = 0 and
x=L.

The wave function and its derivative must be continuous at x = 0 and x = L.
Aeiax_i_Befiax

v, =

y, = Fe P 4+ GePr

\|]3 — Ceiux
At x=0, y,(0)=y,(0). - A+B=F+G (1)
At x=0, y/ 0=y, 0). - ia(d-B)=-BF-0)
or A-B = % (F-G) (2
At x=1L vyv,L)=y;(L) .. FePl+get=ce*t . (3)
At x =Ly O)=v 1)

—BFe PGPl = iacCet (4)

Solving for F and G we get

F= Lot (1—ﬁ]e‘“ = £ (poia)eet ot

2 B 2B
G = gei‘““ 1413 Bl £([3+i(x)eiaL e PL
2 p 2B

Using Egs. (1) and (2) we get
. \2 . N2
e iaL[_(B—za> g, Brio)

= —e

4 iof iaf
C _ dioBe
A4 (B+ia) e Pt —(p-ia)’
_ 4i(x[3e7"“L
2(a2 - [32) sinh BL + 4ia cosh BL
‘g 2 _ 4a2B2
2
4 (a? = %) sinh® BL + 40’ cosh” L
_ 402p?
22 2, a2\ 2
40°B +(0c +[3) sinh” BL
-1
2 2 2
c (2 +P)
T=|—| =|1+ sinh” BL
2 22 _ (2m ’ 2 202 [2m ’
But ((X, +B) = h_z V , o = h_z E(V—E)
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V2
T=|l+———sinh*B L
4E (

V—E)

If B L is large, then sinh 3 L behaves as P,

Jom(V-E
sinh® B L ~ %eZBL > 1 [3:%

2L
-2 am(V-E
T = 165(1—£Je h =)
V V
5.10 Tunnel Effect
Consider a potential barrier of height V, with E < V.

The barrier has a finite width (Fig. 5.16).

Y
E<V ]

E—

E”ergyI | I Il

Wiy Wi

Vi
Vi-

v

Fig. 5.16
The de Broglie waves that correspond to the particle are partly refected and partly transmitted.
This means that the particle has a finite chance of penetrating the barrier.

The particle has a certain probability of passing through the barrier and emerging on the other
side. The particle lacks the energy to go over the top of the barrier. But the particle can tunnel
through the walls. The higher the barrier and the wider it is, the less the chance that the particle can
get through.

Explanation of Alpha Decay

The decay of a nucleus by alpha particle emission is explained on the basis of quantum
tunneling. An a-particle whose kinetic energy is only a few MeV is able to escape from nucleus
whose potential wall is 25 MeV high. The probability of escape is so small that the a-particle might
have to strike the wall 10°® or more times before it emerges. But sooner or later it does get out.
Approximate transmission probability

Consider a beam of identical particles all of which have the kinetic energy E. The beam is
incident from region / on a potential barrier of height /" and width L (Fig. 8.13). On both sides of the
barrier V' =0.

This means that no forces act on particles in regions I and III.
® The wave function v, represents the incoming particles moving towards the barrier from
region I.
® The wave function y,_represents the reflected particles moving to the left away from the
barrier.
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® The wave function y,, represents the transmitted particles moving to the region III.
The transmission probability 7 for a particle to pass through the barrier is given by
Number of particles transmitted

Number of particles incident

This probability is approximately given by

T = exp [—%JZm(V —E)}

EXERCISE

Arrive at the time-dependent Schrédinger’s equation.

Derive one dimensional time independent Schrodinger wave equation.
What do you understand by Eigen value and Eigen function?

Explain the physical interpretation of wave function.

What is wave function? Discuss the properties of wave functions.

Explain the normalization and orthogonality of wave function.

N A WD

Calculate the values of energy of a particle in a one-dimensional box. Graphically indicate some of the
wave functions for such a particle.

8. Discuss quantum mechanically the problem of a particle in a finite square potential well. Draw diagrams
showing the amplitude wave and probability density for the same. What will be the effect of increasing
the width of the square well on energy levels?

9. Obtain the time independent Schrodinger’s equation and solve it in the case of a particle in one dimen-
sional rectangular potential well of finite depth.

10. (a) Write Schrédinger’s equation for a particle in a rigid box and solve it. Find the eigen functions when
a particle is kept in a rectangular box of dimensions /. x [, x [_. Find the eigen values of momentum
and energy.

(b) Show that for a single value of energy or momentum, different quantum states are possible.
Explain the term degeneracy.

11. What is potential step? Find the reflection and transmission co-efficient for potential step of the form
0 <E <V,. Show that there is a finite probability of locating the particle in the region which is forbidden
classically. What is the penetration distance? Give its relation to the mass of the incident particle.

12. What is tunnel effect? Give any two examples.
13. A particle of mass m and energy E < ¥ travelling along x-axis has a potential barrier defined by
0 for x<O
Vx) = sV, for 0O<x<a
0 for x>a
Derive the expression for reflection and transmission co-efficient of the particle.

14. Formulate the Schrodinger’s equation for a linear harmonic oscillator and solve it to obtain its eigen
values and eigen function.

15. Find the solution of three dimensional harmonic oscillator in rectangular coordinates.

16. Discuss the rigid rotator problem in wave mechanics and arrive at the eigen value of it.
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